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PBEPACE. 



The elementary treatise on Trigonometry by Le/^uye 
de Fourcy has been jttstly regarded as one of the best ever 
published; and by its translation, the American student 
will have access to a work which will prove a valuable 
auxiliary to the prosecutioti of the course of the Iligher 
Mathematics. 

This work constitutes one of the Mathematical Series 
of the Virginia Military Institute. The following works 
now comprise the series as published : 

Smith's Elementary Arithmetic, for Beginners. 

SmUJt's Arithineiic, for JXlffh Schools and Academies. 

Smith's Algebra. 

SmitJi's Blot's Analytical Geometry. 

STnith's Uegendre^s Geometry. 

SmitJi/sUefeburedeFourcy's THgononietr^f with Tables. 

A Descriptive Geometry wiil immediately follow. 

VmoiNiA MiLiTAiiY Institute, 

Lainglon, Va., Seplemhcr l!l, 1867. 
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TRIGONOMETKY. 



INTRODUCTION. 



IiOQARIIHMS. 



1. In the indeterminate eqitation «* = y, every value, poai- 
tive and negative, given to x, will lead to a corresponding 
value of y; and, conversely, for every numerical value assigned 
to y there wilt be a corresponding value of x. If, theroforo, 
the qaantity a be arhitrarUy assumed, and be supposed to 
have a constant value, a fixed relation will exist between the 
numbei-a represented by x and y, and this relation is ex- 
pressed by calling x the logarithm of y. The constant num- 
ber a is called the iase of the system of logarithms. 

2. All positive numbers, may be produced by the powers 
of any proposed positive number greater than unity. For, 
if, in the equation a" =y, a being positive and ]> 1, a; assnme 
successively and coutinuoasly all possible values from to oo, 
it is clear that y ■will receive all values from 1 to oo. Also, if x 

become negative and equal — a;, then we have a~^ =y, pr~^=5y; 

and now, if X assume all possible values from to ib, ^ will 
receive all values from 1 to 0. Hence, as x changes continu- 
ously from — 00 to -|- oo, a' changes continuously from d to 
+ CO, or produces all positive n^imbers. 
If a < 1, writing the equation a" = y nnder the form^ 

yaf = - it appears from what has been proved, since ~ )>!, 

that by varying x, ^ and therefore y will assume all positive 

values. 

3. We cannot take unity nor a negative quantity for the 
base : for all the powers of unity are unity ; and the powers 

(I) 
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2 TKIGONOMETBY. 

of a negative CLuantity may be positive, negative, or imagi- 
nary, and hence are not subject to tlie law of continuity and 
do not reprcdnee all numbers. 

The logarithm of a number to a given hose is the exponent of 
the power to which the base must be raised to become equal to the 
given number. 

4. Since a'-=a, a'' = \, and a"^ -=0, or «+" =0, according 
as a ^ 1 or <" 1, we deduce from the definition of logarithms, 
Is#, that the logarithm of the base itself is unity; td, that the 
logarithm of unity is 0; and Sd,that the logarithm of is negative 
infinity or positive infinity according as the base is > 1 or <^ 1. 

5. When the base ia >1, the equation a'^y showe, that as 
the number y increaaes, its logarithm x increases, and that 
the logarithma of all numbers greater than 1 are positive, 
and the logarithms of all numbers less than 1 are negative:' 
when the base ia <^ 1, the contrary taltea place, that is, the 
logarithms of numbers greater than 1 are negative, and those 
of numbers less than 1 are positive. 

We shall at present assume that, a being any positive 
qcantity, if in the equation a'=y, the valae of y be given, 
the eorreaponding arithmetical value of x can be found to 
any degree of approximation we please. (See Smith's Algebra, 
Chap. Xri.) If y be assumed to bo the exact power of the 
base a, the corresponding logarithms will be whole numbers, 
1, 2, 3, 4, &c. Thua, 

a' =y, a'= y\ a' = /, a' = y\ &c. 
But if !/ be not equal to an exact power of the base, its loga- 
rithm muBt iiivolve a decimal part, 

6. If nowyaraume successive integral values beginning with 
1, a remainingthe same, and the corresponding vahies of ^ be 
computed from the equation a' =y, and registered in a Table, 
in order, we shall obtain a sj'stem of logarithms to the base 
a. Since a may be any positive quantity, except 1, there may 
tic an infinite numberof syetemaof logarithma. If.hoivever, 
the logarithms of all numbers in any one aystom be known, 
those corresponding to any other given base may be deduced 
by multiplying the former by a constant factor. 

7. Although there is no limit to the number of systems of 
logarithms which maybe formed, there are only two systems 
which are used, viz , the Napierian system, and the Common 
system.. 
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LOQARITHMS. 8 

The JVapierian logarithms, wliich ave always employed in 
arialytical investigations, have for a base the incommensurable 
number 6 = 2.7182318 . . . 

Tbe Common logarithms, %vhich are no loss constantly em- 
ployed in numerical calculations, have for the base the number 
JO; and since the number is the base of the common scale 
of notation in numbers, this system has the advantage that 
ita tables are far more comprehensive than tables of the 
eame size in any other system, 

8. If X represents the common logarithm of any number y, 
a being the base, and sf the Napierian logarithm of the same 
number 1/, e being the base, and if we designate Napierian 
logarithms always bythedash('); we shall havethorulatious 

e" =y, and a" ^ y, 

hence ff' = a^ and 6*= a. 

Therefore £= nap. log a = log'a. 



That is, knomng the Napierian logarithm a/ of any number y, we 
may obtain the common logarithm x of the same number y, by 

mulliphjing the Napierian logarithm x' by the mtdtipher log'a; 
or, knowing the comm4)n logarithm x of any number y, we may 
obtain the Napierian logarithm ^ by dividing the common loga- 
rithm X by the some quantity log'a, 

' The common factor log'a is called the modulus of the system 
■whose base is a, relative to the system whose base is e. 
Therefore, the m/>dulus of the common system of logarithms is 
equal to unitti divided by the Napierian logarithm of the common 
base. 

When a = e, the factor log'a = log's = 1. 

Hence, the modulus of the Napierian system of logarithms is 
unity. 

9 Let y, y', y", &c. represent any numbers whatever, and 
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4 TRIGONOMETRY. 

X, a!, ^', &c. their corresponding logarithms, taken in a 
syBtem of which a ia the base. We shall have 

a'^^y, af^y", a'" =y",&,o. (1) 

If we multiply these equations together, member hy membor, 
we have 

a'^" *'"'"• = y-¥y'-\- y",&'^- 
But, w + xf -\r3f\ &c. = log (y -f 2/' + y", &e.) 
and 3;= logy, x' = iogy', x" = logy", &c. 
hence log y + logy' + log y", &c. = log (j/ + y + y", &c.) (2) 
Therefore, the lofjarithm of the product of two or more nitmberi 
is equal to (ftc sum of the logarithms of the numbers forming the 
product. 

10. If wo divide two of the equations (1), member by 
member, we have 

^i-i'„iL ; hence X — k' = log (^\ 
or, log!/ — log 1/' = log ^4j 

That is, the logarithm of a quotient is obtained by SMhtraeting 
the logarithm of the divisor from that of the dividend. 

11. If all the numbers y, y', y", &c be equal in equation 
(2), and there be m of them, this equation becomes 

m log J/ = log (IT) 
■which shows, that the logarithm of the m"' power of a number 
is equal to m times the logarithm of this number. 

12. If we extract the ra'* root of both members of the 
equation 

we shall have a-^'=^y- 

But, — — log V y, and x = tog y. 

Hence '■^ = log V]/- 

That is, the logarithm of the m"" root of a number is egual to tke 
logarithm of the number divided by the index of the root. 

13. Hence, if we have to multiply two numbers together, 
or to divide one by the other, we may, by taking their loga- 
rithms out of the tables and adding or subtracting them, 
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LOGAIUTHMS. 5 

and then finding in the tablos tlie number whose logarithm 
is eqwal to the sum or difference, determine the product or 
quotient of the numbers, as the case may be. 

14. Or, if we have to find any power or root of a number, 
we may, by taking ite logarithm out of the tables and mul- 
tiplying or dividing it by the index of the power or root, 
and then finding in the tables the number whose logarithm 
is equal to the product or quotient, determine the power or 
root of the proposed number. 

15. We thus see, that by the aid of a Table of Logarithms, 
the arithmetical operations of mnltipiication and diviaion of 
all numbers within the limits of the tables, may be replaced 
by the addition and subtraction of their logarithms; and 
those invoiving the powers and roots of numbers, by the 
single operation of multiplying or dividing their logarithms 
by the index of the root or power, as the case may be. 

16. These advantages of logarithms in effecting nnmerical 
calculations, are especially seen in the case of large numbers; 
and they bring within the range of computation many arith- 
metical operations which, on account of their intncacy and 
the labor they involve, would be otherwise impracticable. 

Properties of Logarithms to the Base 10, or Common System. 

17. If we make successively a; = 1, 2, 3, 4, &c,, in the equa- 
tion, a'= y, when a = 10, we shall have for the corresponding 
values of y, 

I0'=10, (10^=100, (10)'^1000, (10y=10000. (lO/^lOOOOO, &c. 
And for negative valims of a:, ~1, — 2, — 3, -—4, —5, &c., we have 
0«)-'=l".- -1. (W)-" = tSu = ■»!, (M )-■ = lu'n = OOl, (W)-* 

Hence, in the common system of logarithms, 
log 10 =1 and log 0.1 = —1 
log 100 =2 " log 0.01 =—2 
log 1000 =3 " log 0.001 = —3 
log 10000 = 4 " log 0.0001 = —4 
&c. &c. 

From which we see, that those numbers only which cor- 
respond to the exact powers of 10 have entire nambere for 
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6 TRIGONOMETRY. 

their logarithms; that the logarithm of any number b 
1 and 10 is some number between and l,that is a fraction; 
the logarithm of any niimbor between 10 and 100 is some 
number between 1 and 2, or 1 phs a fraction ; the logarithm 
of any number between 100 and 1000 is S(;nhe number be- 
tween 2 and 3, or 2 plus a, fraction : and so on. 

Again, for numbers leas than 1, we see that the logarithm 
of any number between 1 and ,1 is some number between 
and — 1 ; the logarithm of any number between .1 and .01 ia 
some number between —1 and — 2; the logarithm of any 
number between ,01 and .001 ia some number between — 2 
and — 3; and so on; which show that if the number be leS9 
than 1, its logarithm, both decimal part and integral part, 
will bo negative. 

18. The entire part of a logarithm is called the characteristie 
of the logarithm. 

19. Hence, from the above table we fee, that the character- 
istic of the logarithm of a number ^.l, which is 
by a single figure, is 0; if the number be ( 
figures, the eharacteriatie is. 1 ; if it be expressed by 3 figures, 
the characteristic is 2 ; and in general, if it be expressed by 
m figures, the characteristic ia m — 1 ; that ia, the characteris- 
tic of the logarithmic of a number > 1 is one less than the number 
of significant figures in the number. 

20. The characteristic of the logarithm of a number < 1 
ia always negative. If the fraction be expressed decimally, 
the characteristic of its logarithm will be always 1 added to the 
number of ciphers following the decimal point. Thus, .00462 
lies between .001 and .01 ; it« logarithm must be some number 
between — 3 and — 2, and is therefore — 3 flus a fraction. 
The characteristic ia — 3, the number 3 being composed of 
l-f-2, or 1 plus the number of ciphera after the decimal point. 

21. A Logarithm will therefore usually consist of a whole 
number, followed by a decimal part less than 1 ; and if the 
number to which it corresponds be lesa than 1, its entire 
value, both decimal and integral part., will he negative. In 
the Tables, however, it is usual to print positive decimals only. 
We proceed now to show how, nevertheless, the logarithms 
of all numbers whatever, both the logarithms of numbers lesa 
than 1, and whoso values are consequently negative, and the 



>v Google 



LOGARITHMS. 7 

logaritlima of iiumboi-B greater than 10 and whose values 
coiiseqaently Lave an integral as well aa a decimai part, can be 
included in a table where only positive decimals are printed. 

22. A negative logarithm may be expressed so that Us character- 
istic only shall be negative. 

Let — i^+d) be such a logarithm. n being its characteristic, 
and d its decimal part : thus, 

—{n + d) (n-\-l)+l-d = -{n + l) + d' 

where the new decimal part d' is positive. Hence we see, 
that the transformation of a logarithm entirely negative, into 
one whose character] etie only is negative, is effected by 
increasing the cbaracteristio by 1, and substituting for the 
decimal part, unity minus the decimal part. This differenco 
may be readily formed by subtracting the last digit on. the 
right of the decimal part from 10, and the rest from 9. 
And conversely, a logarithm whose characteristic only is 
negative may be made entirely negative by performing on 
the decimal part the operation just described, and diminish- 
ing the, characteristic by 1. Thus, 

—(2.2346899).-^ —3 + (1—0.2346899) = —3 + .7653101. 
= 3.7653101. 
where wo place the sign — above and not before the charac- 
teristic, to show that the sign aifecte only the characteristic: 
and the whole is used as an abbreviated mode of writing 
— 3 + 0.7653101. If, again, we wish to convert this into an 
expression entirely negative, we have, 

1.7653101 = ~Z + .7653101 = —2 —(1 —.7653101) = 
—(2.2346899). 

23. In practice, a negative logarithm is always expressed 
eo that its characteristic only is negative: when negative- 
logarithms are expressed in this manner, there are certain 
pecuiiarities in multiplying or dividing them by any quan- 
tity, which must be attended to, and will be understood by 
the following illustration. 

24. If a logarithm whose characteristic only is negative, 
is to be divided by any number, we must make the charac- 
tei'istic divisible by the number, and correct the expressions 
by a corresponding addition. Thus, if 
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T3295642 is to Lb divided by 3, we have 
■7.3295642 = — 9 + 2.3295642, 
and the quotient by 3, is 3.7765214. 

25. In the common system, the same decimal part serves 
for the logarithms of all numbers whicli differ from one 
anotiier only in the position of the place of nnits relative to 
signifieant digits. 

Let N. be any whole number, having n for the cbaractcr- 

ietic and d for the decimal part of the logarithm, bo that 

log N=7i + d. 

First, lot N X (10)" be a whole number having the same 

significant digits as N, but having its place of imita removed 

mplaces to the right: then. 

log (N X (10)-) = log (10)" + log N, = (wi + n) + d, 
which has m + n for its characteristic, and the same decimal 
part as log M", 

Next, let N -f- (10)" be a decimal having the same signifi- 
cant digits as N, but having its units' place removed m places 
to the left; then 

log (N -f- (10)") = log (10)-" + log N = —-m + n + d; 

now, if the proposed decimai be greater than 1, or N > (lO)", 
and therefore log N ]> m, or n not less than m, 
log (N -h 10)") = (» — m) + d; 
which has a positive charaet eristic w — m, and the same deci- 
mal part as log N: but if the proposed decimal be loss than 
1,, or N < (10)", and therefore log N <^ m, or » less than tii, then 

■ log (N -(10)™) = —(«!-«) -fd, 
80 that in this case also, provided the logarithm be expressed 
80 that the charaeteristie only is negative, the decimal part 
is the same as that of log K. 

26, From the preceding observations we collect the 
principal advantages of Tables of Logarithms calculated to a 
base the same as the base of the system of notation in 
numbers, 10, to be; that since the characteristics of all 
nnmbers whole or fractional are known by inspection, they 
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need not be recorded in the Tabloa ; and the characteristic 
being omitted, the same record in the Tables will serve for 
all numbers which have the same succeaBion of significant 
digits, and differ only in tlie position of the plnce of units 
relative to these digits : Thus, the record .5386617, which in 
reality expresses the logarithm of 3.4567, can be made to 
express the logarithms of 

345670, 34567, 3456.7, 345.67, 34.567, 3.4567, .34567, .034567, 
or any number formed by adding ciphers to the end of the 
former, or to beginning of the latter immediately after the 
decimal point; so that eveiy logarithm taken out of the 
Tables for a particular number, becomes, by simply altering 
its characteristic, the logarithm of an infinite variety of 
other numbers, that is, of al! that are expressed by the same 
HUCeoBsion of significant digits. 

Mode of using Tables of JJogarithms for Numbers. 

27. Tables of Logarithms contain ali whole numbers, 
from 1 up to a certain limit, with their logarithms, in w-hicb 
the characteristic is usually suppressed. 

The tables in common use contain the logarithms of all 
numbers from 1 to 10,000. 

In making use of tables of logarithms to effect numerical 
calculations, the two main problems which arise are 

1st. Any number being given, to find, by means of tlie Tables, Us 
logarithm. 

2d. A logarithm being given, to find, by means of the Tables, 
the corresponding number. 

28. Ist. Any number Nbeing given, to find by the Tables its loga- 
rithm. 

The characteristic, whether N bo a whole number or a deci- 
mal, is known by inspection. 

When N, leaving the decimal point out of consideration, 
exceeds the limits of the Tables, we must transpose the deci- 
mal point, so that the integral part may be contained in the 
Tables, and may be the greatest possible. Lot n bo this 
integral part, and d the remaining decimal part of the pro- 
posed number ; / the decimal part of the logarithm of n, and 
S the difference between the logarithms of the numbers a 
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and n + l, (this difference is iilwayfl set down in the Tables,) 
we have 
logCn+1)— logw = log(^) = logCl-fij) = 0,when n = o5 

Hence, the difference of the logariikms of two eonseeiMve num- 
bers is less in proportion as (lie numbers themselves are greater. 
We may therefore aBsunie that the difference of the. loga- 
rithms will always be proportioned to the differences of the 
numbers; or that 

-^=— , hcneo :c = (ix 5, 
the value of x, = dxS, is what must bo added to I to get the 
deciraal part of the logarithm of n+d, which ia abo the 
decimal part of the logarithm of the proposed nnmber. 

£9. This pi'opcrty, that the increment of the logarithm 
mity be assumed to bo proportional to the increment of the 
number, ia extremely important; and the application of it 
deserves the closest attention, as it furnishes a ready means 
of greatly extending the range of the Tables. "We see' also 
-that the number n should be as great as possible, for the 
error in the above proportion is diminished as n increases, 
ind disiippears when n= cd. 

30. Wo give specimens of the usual logarithmic Tables for 
numbers. 

Table A has the natural numbers arranged in order in the 
column marked N, and is limited to numbers embracing not 
more than three digits. If the logarithm of a number is 
required which contains not more than three digits, it wili 
be found in the first column. To save the needless repetition 
of fignres, the two first decimals of the logarithm are Only 
written at the head of each break, and must be regarded as 
belonging equally to all logarithms which succeed up to the 
next break. 

If the namber contain four digits, seek the number in 
column N corresponding to the first three digits, and then 
look along the top of the pages among the numbers 0, 1, 2, 
3, 4, &c., for the number that corresponds to the fourth 
digit, the logarithm of the given number will be found at the 
intersection of the horizontal lines passing through the 
numbers in the column N, and the vertical lino in which the 
fourth digit is found. 
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The differences of the logavithma are placed in column D. 

If the number contain more than 4 digits, place a decimal 
point after the fourth figure from the left hsind, thus convert* 
iog the given number into a whole number and decimal. 
Find the logarithm of the entire part as just explained, and 
then take the corresponding difference in the column D, and 
multiply it by the decimal part ; add the product thus found 
to the logarithm, and the sum will be the whole logarithm 
sought. 

The characteristic is determined by known ruJoa, in each 



A TABLE OP LOGABITHMa fEOM 1 TO 10,000, 



31, In Table B, the column K has four digits in it, and 
hence this table may be used to find directly and without 
the use of the column of differences, the logarithms of all 
numbers as high as those which contain five digits, the fifth 
digit of the given number being found as before in the top line 
above the logarithms. "When the first three figures of the 
decimal part of the logarithm are common, they are omitted 
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in ttie tables except in the first logarithm of each break, but 
are always to be regarded as conetituting the first figures of 
i.be logarithms immediately following in the same break. 



N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


1>. 


p... 


2550 
fil 


40G540^ 
7105 


5572 
727ft 


5742 
7445 


6913 
7616 


6083 
7786 


6253 
7956 


6424 
8126 


6599 
8296 


6764 
8466 


f!93'i 
3637 




170 


62 
68 
54 


8807 

4070608 

2:;09 


8977 
0678 
28T9 


9147 
0848 
2549 


9317 
1018 
2719 


S487 
1189 


9658 
1859 
8059 


1529 
3229 


1694 
3390 


0168 
1869 
3569 


U888 
2039 
3730 


170 


1 


55 
50 
f.1 


8903 
5G08 
7307 


4079 
6778 
7477 


4349 
5948 
7647 


4419 
6118 
7817 


4580 
7987 


4759 
6458 
8156 


4029 
6628 
8326 


6099 
6738 
8406 


696! 
8666 


5439 
(187 




]m 


69 


9C05 
1080703 


9175 
0873 


0345 
1042 


9516 
1212 


9684 
1382 


9854 
1551 


0024 
1721 


0194 
1891 


0868 
2060 


0533 
2280 






250( 


2400 
4096 
5791 
7486 


2569 
4266 
5961 
7B5fi 


2739 
4435 
6180 
7826 


2909 
4604 
6300 
7904 


8078 
4774 
6469 
8164 


3248 
4944 
6639 


3417 
511J 

8503 


3587 
5283 
6978 
867;i 


3767 
5462 
7147 
8841 


8926 
6622 
7817 
9011 




69 


64 


9180 


0850 


0518 


9088 


9858 


0027 


0106 


0366 


0586 


0704 




il 


G5 
6G 
67 
68 
69 


4090874 
2567 
4259 
5950 
7641 


1043 
2786 
4428 
Oil!) 
7810 


1212 
2905 
4507 

797£ 


1882 
3074 
4766 
6458 
8148 


1551 
3243 
4985 
6627 
8317 


1720 
3413 
5105 
6796 
8486 


1889 
5274 
^655 


2069 
8751 
6443 
7134 


2228 
8020 
6612 
7308 


2397 
4089 
5781 
7472 
9163 


169 


! 



Example 1. — Seek the logarithm of 2967. 

In table A, find in column N, 296, then run along the top 
line of the table until you come to the number 7, the loga- 
■fithm 472318 ia the decimal part of the logarithm of the 
given number, and prefixing the characteristic, the loga- 
rithm ia 2.472313. 

ExAMrLE a. — Find the logai-ithm of 296789. 

Eegard al! the figures oa the right of the fourth figure as 
decimal part. Find the logarithm of the entire part 2967, 
as before. Wo have 

!og 2967, (omitting characteristic) = 472318. 
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The column D gives 14G for the difference. Multiplying 
this by .89, the decimal part of the given number, we have 
146 X .89= 146.85, or neglecting the decimal, and since it 
exceeds .5, lot 1 be added to the entire part, and we have 
147, to be added to the logarithm as before found, Thus, 
log .2967 = 472318 

" -^^ 147 

" 296789 472405 
Kow, introducing the eharacterietjc, the whole logaritbm 
becomes 5.472465. 

32. The trouble of mnltiplying the differeoee by the 
decimal part may be avoided in table B, by the column of 
proportional parts, which contains the product of the tabular 
difference by ■j'^, f^, ^g, &c., or of one-tenth of this tabular 
difference by 1, 2, 3, 4 .... 9, 

Thus, find the logarithm of 2568946, 

log 25689 = 4097472 

iog .4 (16.9 X 4) = 68 

log .06 (1.69 X 6) = 10 

log 2568946 = 6.4097550 

33, 2d. A logarithm hdnggiven, to find, bymeansoftke Table, 
the' corresponding number. 

When the decimal part I of the logarithm L is positive) 
and found exactly in the tables, we have only to take out 
the correspooding nnmber; and the given characteristic will 
determine the position of the units' place. 

When the decimal part I of the given logarithm ia not 
found 'exactly in the tables, let n be the integer whose loga- 
rithm baa a decimal part I' immediately inferior to I, rf, the 
difference between the decimal part I' and that which imme- 
diately follows it in the tables coiTesponding to w + 1, and d* 
the difference I — I'; making the proportion. 



we find the fourth term a; == -^ wbich we must reduce to a 
decimal and add it to the number n : we thus find a number 
whose logarithm has for a decimal part I, and from which 
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we «aii dediico tbe required number, having regard to the 
characteristic, as in the preceding case. 

When the given logarithm is entirely negative, we must 
transfoi'm it so as to have the decimal part positive, ae has 
been explained, and then proceed as above. 



Ex. 1.— Let the given logarithm be 5.5386617. 
, In the column marked 0, we seek the logarithm whick is 
next loss than the decimal part L, which wo find to bo 
5385737, opposite to the number 3456 in the colamn marked 
N: then advancing in the horizontal tine to the column 
marked 7, we find the fonr last decimals 6617 of L. Heneo, 
affixing the -digit 7 to 3456, we have 34567, and since tho 
giTcn -characteristic is 5, the required number is 345670. 
BS:. 2.— Let the given logarithm bo 2.5386729. 
In seeking for the decimal part in the tables as above, wc 
find that it lies between .5386617 and .5386743: if it were 
exactly equal to the former, the corresponding number 
would be 34567, but as it surpasses .5386617 by 112, there 
will bo an increase in 34567 ; and as tho difference of tho 
logarithms corresponding to an increase of unity in 34567 
is 126, the required increment re, admitting tho common 
principle of proportional parts, will bo foTind by the pro- 
portion 

Therefore, the required number, neglecting the decimal 
point;' is 3456789, and since the given characteristic is 2, 
the required number is 346.6789. 

By means of the table of proportional parts of the tabular 
differences, we may avoid the trouble of dividing 112 by 126. 
In the table of proportional parts of tho difference 126, the 
part next less than 112 is 101, which corresponds to .8 and 
there remains 11. If wo put zero to the right of 11, wo 
have 110, which diff'ers very little from the part 113, which 
has 9 opposite to it : we conclude therefore, that 110 corre- 
sponds to .9, and H to ,09; consequently the required num- 
ber is composed of the digits 3456789; and taking account 
of the characteristic, the mimber is 345.6789, as before. 

34. In actual calculations it is often necessary to add 
several logarithms together, and from this sum to subtract 



>v Google 



L00AK1THM3. 15 

other logarithms. In such casesUis convenient to reduce all 
the operations to a single addition by the use of the arithmeti- 
cal complement of the logaiTthms to he subtracted. 

35. The arithmetical complement of a iogarithm is the number 
which remains after subtracting the logarithm from 10. 

If c be the arithraeticaL complement of b, we shall have 
c = 10 — b. Now, if we projiose to subtract the logarithm b 
from the logarithm a, we have, evidently, since — l) = e — 10, 

a— 6 = fl-f c— 10, 
which showH that the difference between two logarithms may 
be found, by adding to the first logarithm the arithmetical 
complement of the logarithm to be subtracted, and then 
diminishing this sum by 10. 

The arithmetical complements of logarithms may bo all 
formed by Rubtracting the last digit of each from 10, and all 
the other digits from 9. 
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CHAPTEE I. 

Tqeoky of TaiGO no metrical Limes. 

Object of Trigonometry. The Method of Representing tlie Sides and 
Angles of Triangles bff Numbers. 

1. In every tviaiigle, plane and spherical, there are six 
parts: three angles and three sides. To determine all the 
parts of a triaiiffle, it is generally suflicient that three of 
these be known ; but it is fui-ther necessary, when the trianglo 
is rectilinear or plane, that at least one of these parts shall 
be a side. For, with three given angles an infinite number 
of triangles can be formed, which will be similar to each 
other, but not equal. It is always understood that the earn 
of the three angles is equal to two right angles, 

3. GcoTnetry furnishes very simple constructions for deter- 
mining a triangle, by means of some of its parts, aa- known ; 
but these constructions, like all ^ropAiC processes, are attended 
by the inconvenience of giving an inexact and therefore 
insufficient appi-oximation, on account of the imperfections 
of the most accurate instruments. 

These constructions have been replaced by numerical 
calculations, which admit of any degree of precision that 
m*y be required. 

3. The special object of Trigonometry is to give the methods of 
calculating all the parts of a triangle, when a sufficient number of 
parts is given. This is called the resolution of tlie triangle. 

Plane Trigonometry gives the various methods of solving 
plane triangles, and Spherical Trigonometry treats of the resolu- 
tion of splierical triangles. 

4. To express the dimensions of right lines hy numbers, 

(Ifi) 
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they arc referred to a common unit of measure, as a foot, a yard, 
&c. : and thus, the sides of a plane triangle are represented 
by a certain number of feet or yards, &c. 

5. Angles are designated by the arcs which meaauro them. 
For this purpose, the circumference, whatever be the radius, 
ie divided into a certaio Httinber of equal parts, called degrees, 
and then an angle or an arc ia oxpreaaed by a number of 
degrees. 

6. Porraeriy, geometricians agreed to divide the circum- 
ference into 360 degrees, the (^egree into 60 minutes, the min- 
ute into 60 seconds, &e. By tbis division, the foui-th part, of 
the circumference, or quadrant, which is the measure of a 
right angle, contains 90 degrees. To avoid the embarrassment 
fi'om complex nombers, it has been proposed to subject 
angles to the decimal division, thus dividing the quadrant 
into 100 degrees, the degree into 100 minutes, the minute 
into 100 seconds, &c. 

7. Degrees, minutes, and seconds, are denoted by the symbols 
°, ', ". Thus, to represent 44 degrees, 9 minutes, 37 seconds, 
we write 44° 9' 37". In the decimal division, if we wish to 
refer this arc to the quadrant, taken as the unit of measure, 
it would be expressed thus, 0,440937: for, in this division, 
degrees are hundredths of the quadrant, minutes are ten thou- 
sandths, and seconds are miUionths. 

8. The old division is adopted in this treatise, the circnm- 
fereoce being divided into 360 degrees. In the formulre 
which are given, the letterrf is often used to represent the 
eemi-cireumierence 180". 

Definitions of Trigmometrieal Lines. The Manner of using the 
Signs + and — to indicate the Positions of Lines when their 
Direction is opposed. 

9. Geometricians wore for a long time embarrassed by the 
difflcuity of establiahing the relations which exist between 
the angiea and the sides of triangles ; and yet this ia essen- 
tial to the resolution of the triangles. For, the sides being 
given ill terms of a linear unit, and the angles in terms of 
the arc of a circumference, all the parts of a triangle would 
not be expressed in homogenous terms, and could not there- 
fore be combined iu the calculations. The use of Trigonomet 
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rical Lines, which are linear functions of the angles or arcs 
considered, enables us to substitute right lines for the angles 
or arcs, and thus toestablieh the homogeneity between all the 
parts of ft triangle, ■which is indispensable to its resolntion. 
We will now proceed to define these trigonometrical lines.* 
10. The sine of the arc' AM, is 
the perpendicular MP, let fall 
from one extremity of the arc, 
upon the diameter which passes 
thriiugh the other extremity. 

The Tangent of the arc AM, ia 
tho distance AT, intercepted on 
the tangent drawn at one ex- 
tremity of the arc, between that 
extremity and the prolongation of 
the radius OM, which passes 
through the other extremity. 
The Secant of an arc A M, is the fart T, of tlie radius pro- 
duced, comprised between tlie centre and the tangent: 

Eepresenting the arc AM by a;, tho sine, tangent, and 
secant, are designated as follows, — 

M P = sin a:, AT = tang x, T = sec x. 

11. If MP be produced imtil it meets the circumference 
at N, the chord M N will be double of M P, and the arc M A M" 
double of AM, hence, the sine of an arc is half the chord which 
subtends double the arc. 

12. If we designate by r the radius of the circle, the side 
of the inscribed square will be r ^/2: the subtended arc to 
the side of the square is 90° hence, sin 45°= J r -/S. 




* The principle of homogeneity between the pacta of a triangle, to whieli 
reference is made in the fext, is an important one, and will be fre- 
qaenlly referred to m this treatise. It is a general principle, not re- 
Btrieted to trigonometry, but aeoessnrily applied in every branch of 
&lial;tioal mathematica It is founded npon the essential relations which 
must exist between the two members of evei^ Algebraic equation, to makeit 
the consistent expreision of equality between equal magnitudes; and 
serves nUo to point out the mndilications which any equation not homo- 
geneous in/oini, must have that tho relations expressed by the equations 
ma; be consistent isith est.iblished facta or trutlis. 
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13. In like manner, the side of the inscribed hexagon being 
equal to the radius, and the subtended are being 60°, w© 
shall have sin 30"= ^r. 

14, The complement of an arc or angle is the difference 
between that arc or angle and 90°. When the arc is greater 
than 90°, its complement is negative; thus, the complement 
of 127° is — 37°. The two acute angles of a right-angled 
triangle are complements of each other. 

16. We designate by the terms cosine, cotangent, and cosecant 
of an arc, the sine, the tangent, and the secant of the comple- 
ment of that arc : and to express these new lines, we employ 
the abbreviations cos, cot, cosee; thus, by the definitions, wo 
have cos a: = sin (90° — x'), cot 3;= tang (90° — x), cosec x^ 
sec (90°— a:}. 

17. If we draw the radius OB „, 
perpendicular to A, and also 
M Q, and B S, perpendicular to 
OB, the arc BM will have MQ 
for its sine, B S for its tangent, OS 
for its secant: but the arc BM is ^\-- 
the complement of AM; hence, 
designating always AM by a^, we 



M Q = cos a:, B S = cot a:, S = 
cosec X. 
We notice that MQ=OP; which shows, that the cosine 
of an arc is equal to the part of the radius comprised between the 
centre and the foot of the sine. 

18. The distance A P, comprised between the origin of the 
arc and the foot of tlie sine, is called the verse-sine; and the 
distance BQ, the co-verse->dne. 

19. In giving to the point M every possible position on 
the circumference, the trigonometrical lines take situations 
altogether different from those which they have, when the 
arc A SI is less than 90°, For example, if we have the arc 
AM', whose complement is B M', and negative, its cosine 
QM' or OP', is found sitaated on the left of the point 0, 
whilst before, it was on the right ; such changes in the posi- 
tions of the lines introdnee into the calculations difSculties, 
which the following proposition will explain, 
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Let ABXbe any line whatever, oi; 
which there are two points A and B, 
separated a distance AE = a. As- 
sume, as known, tho distance x of 
the point Bfrom any point, as M, of 
the line ABX, and let it be required 
to find the distance from the point 
A to the point M. Representing this 
distance by z, it is evident we shall 
have 

according as the point M is between B and X, or between B 
and A: so that two different formulfe are required for these 
two positions of the point M. But this inconvenience is 
avoided, and a single formula made to suffice, by giving 
different Algebraic signs to distances which have contrary 
positions with respect to the point B. Thus, if, in the first 
formula z^a + x, we make successively a;= +BM, and 
a; = — B M, we have, under the firat su^>position, 2 = « -f B M, 
and under the second, s^a — BM, aa should be. We thus 
see, that the -first formula z = a+x, will correspond to all 
positions of tho point M, and the second is unnecessary. 

We might also take x positive between B and A, and negative 
between B and X: in this ease, the second formula z^=a~~~x, 
■would be used. It would be easy to multiply illustrations, 
but what precedes is sufficient to make ajiparent the impor- 
tance of the following rule of Descartes. 

20. If we coMider on any line whatever, straight or curved, 
different distances, measured from a common origin, fixed on that 
line, we may introduce into the calculation distances which have 
opposite positions with respect to this origin, by giving those lying in 
one dir&tion the sign -f-, and those lying in the opposite direction, 
the sign — . 

21, The rule by which ^osiYire distances are estimated is 
altogether arbitrary, but once fixed, negative distances must 
be reckoned in an opposite direction. With origonometrical 
lines, the usage is, to consider them aa positive in the posi- 
tions they occupy when the arc is less than 90°. 

23. We shall soon have occasion to make numerous applica- 
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tions of this rule; but before proceeding further, the student 
mnat be guarded against a YCry common error, which con- 
BJsta, in assimilating the principle in question to a theorem 
susceptible of an d priori demonstration. It is far otherwise, 
and whatever considerations may have been adduced in its 
support, it is to be regarded as a sirapJe agreement whioli 
must not be violated, and the utility of which is made ap- 
parent by its applicatione. 

Progressive Changes in Trigonometrical Lines. The Method of 
reducing them to the First Quadrant. 

23. When the radius OM coin- ,, 
cides M'ith A, the arc AM is o, 
the sine is o, the tangent is o, and 
the secant is equal to O A : at the 
same time, the cotangent and 
cosecant are infinite, since the lines Jl|— 
BS and 8 increase more and 
more as M approaches O A, and 
become infinite, when tbey coin- 
cide. Thus, denoting the radius 
by r, we have " 

sin = 0, tang = 0, seeo=r 
cos o^r, cot = OD, coaec o = oo. 

24. If the radius O M approaches the position O B, it is 
easy to nee that the sine, tangent, and secant increase, while 
the cosine, cotangent, and cosecant diminish. When the 
point M is at the middle point of A B, the arc A M is 45", 
the triangle O P M is isosceles, and the sine is equal to the 
cosine. Now this triangle gives 2 M P'=^ r', hence, MP=} 
r %^2, and therefore 

sin 45°= 003 45°= } r \^2. 

25. Tho triangles OAT, O B S, being also isosceles and 
equal to each other, the tangent and cotangent iire equal to 
the radius, hence 

tang 45°= cot 45°= r. 

26. Finally, the secant and cosecant are also equal, and 
the triangle OAT giving "0T'= 2 1-", we have 0T=iV2, 
and hence 
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sec 45°= eosee 45°= r V 2. 

27. "When the point M reaches B, the sine is equal to BO, 
the tangent aod secant are infinite, the cosine M Q is o, the 
cotangent BS ia alao o, and the cosecant becomes equal to 
B. "We have then, 

sin 90°== T, tang 90°=^ oo, see 90°= co 
cos 90°= 0, cot 90°= 0, coaee 90°= r. 
These values are indeed coDsequencea from those which 
were found when the arc was o; for, the area o and 90° 
being complement* of each other, we ought to have sin 
90° = cos 0, tang 90°= cot o, see 90°=:cosec o, coa 90° = sin 
0, col 90°= tang 0, coaec 90°= sec o. 

28. Continuing the rotation of the radius OM, let ua sup. 
poae that it has reached the point M' : the arc is then A it', 
and its sine M' P'. Draw M' M parallel to A'A, and construct 
all the trigonometrical lines of the are AM as indicated in 
the figure, we see at once that the ainea MP and M'F will 
be equal, and therefore sin A W= sin A M. 

29. To get the tangent, produce the radius OM' below the 
diameter AA', we see that the tangent, which is here AT*, 
is found in a position opposite to that which it had at first : 
consequently, it is negative. Bat the triangles OAT, OAT', 
being equal, give AT'= AT, hence tang AM'= — tang AM. 

30. From the definicion, the se- 
\ cant of the arc A M' is O T'. This 
/[X line ie no longer laid off on the ra- 
diua M' on the same side of the 
centre with the point M', but it 
- A lies in the opposite direction, and \s, 
consequently, negative; and since 
_^^_^ . O T'= T, it follows that sec A W 

~~yw^ = — sec AM. 
"b^^"^^ 31. The cosine, cotangent, and 

cosecant present remarkable anal- 
ogies. Since the arc AM' exceeds 90°, its complement is 
negative; and, further, as tho cosine QM' or OP' is situ- 
ated on the left of the point O, we also consider this cosine aa 
negative, The aame reasoning applies to the cotangent 
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BS'. As to the cosecant S', its sign is still positive, since 
it is on O M', on the same side of the centre as the point W. 
The triangle Q M and Q M' being equal, as well as the 
triangles OBS, OBS', we have QM'=QM, BS' = ES; 
hence, cos AM' = — cos AM; cot AM' = — cot AM; cosee 
AM'= coaoe AM. 

32. The supplement of an arc or angle is the diiferenco 
between that arc oi- angle and 180° : thus, A' M', or its equal 
AM, is the supplement of AM', and we may enunciate the 
properties found above by saying, tliat two supplementary arcs 
have their trigonometrical lines equal and with contrary signs, with 
the exception of the sine and cosecant, which are also equal, but 
have the same algebraic signs. 

33. To express these properties by equations, designate 
AM' by (t, we shall have AM = A'M'=il80° — re, and we may 
write 

sina;==8in (1S0°— a:), cosa'=— cos (180"— a;), ] 

tang3:=— tangClSO"— a;), cot .i:= —cot (180" — x), 1(1) 
SGCX=—&w{UO''—!i:), eosecx=coBQc(180'' — a;),J 

34. It is also evident, that from 90" to 180°, the sine, tan- 
gent, and secant decrease ; whilst, on the contrary, the cosine, 
cotangent, and cosecant increase. If O M coincides with 
A', we have, for an arc of 180°, 

sin 180° = o, tangl80° = o, sac 180° = — c, 

cos 180° = —r, cot 180^ = — oo, eosec 180°= cb. 

All these values may be deduced fi-om the relations (1), 

by making 3: = 180°. Thus, cos 3^= — cos (130° — x), becomes 

cos 180° = — cos o; but cos o = r; therefore, cos 180° = — r. 

35. The applications of analysis to geometry frequently 
involve the consideration of ares which contain many semi- 
circumferences. It is necessary then to give formulse fof 
reducing all such arcs to the first quadrant. To abridge, we 
will consider specially the sine and cosine, which are the 
trigonometrical lines most used ; and since every ai'C greater 
than a semi- circumference le composed of an are lees than 
180°, increased by an arc containing 180° one or more times, 
we will, in the first place, determine the sine and cosine for 
the arc 180° -i-XjX being <^ 180°. 

Let A M be the arc designated by x, which may be taken, 
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at pleasiLi-e, botwccn o Jind ISO"; 
I adding to A M tlie Bemi-circnmfar- 
!, encaMA'N'.thenewarcAMA'N' 
will be equal to 180= -|- x. The 
two arcB have eqiiai sines, viz,, 
I M P and W P', nr, what is the same 
tiling, OQ and OQ'; hut since 
these lineahave opposite positions, 
; we should, in accordanoe with the 
agreement established (Art. 20), 
give to them contrary algebraic 
signs. Tho cosines OP and OP' are also equal, and must, 
in hke manner, have different algebraic signs: hence 
fiiii(180'' + 3;) = — sina;, cos (180° + a:) = — cos a^. (2) 
3^. In the next place, add 360° to AM, it is evident we 
ivill return to the same point M of the circumference, and 
that consequently all the trigonometrical lines become tho 
same. Hence wo have, 

Bin (360° + 37) = sin x, cos (360 + ar) = cos x. (3) 

37, In general, whatever value we attribute to the are x, 
if we add to x, 180°, or an odd number of semi- circumferences, 
its extremity will be moved from the vertex of one diameter 
to the opposite vertex ; and hence, it is evident, that the 
algebraic signs of the sine and cosine are changed. But, 
if we add to x, 360°, or an eo&n number of semi-circumferences, 
since we return to the same point of the circumference, no 
trigonometrical line should change its sign. 

38. It remains now that we consider negative arcs, that is, 
arcs which are described when the radius, which at first 
coincided with A, moves in the direction A E' A', contrary 
to that which it before followed. 

Let AM and AN be two equal and opposite arcs, desig- 
nated by a;, and — x. It is evident that their sines M P and 
KP are also equal and inversely disposed. To obtain the 
cosines, we observe, that the complements of these arcs, 
90° — X, and 90° -\-x, are represented by the arcs BM and 
B M N, of which the sines M Q and N Q' are equal and simi- 
larly situated: hence we have 

sin ( — ic) = — sin x, cos { — x) = cos x. (4) 
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For- 



89, Although in tho flgiiro the arcs A M and AN are less 
than 90°, these formulfe are nevevtheltsa general. For, it ia 
evident that by augmenting the two arcs at will, provided 
they continae equal, the siuca M P and N P do not ceaRe to 
be equal and opposite, we shall therefore always have ein 
( — X) = — sin ■a.'. With regard to the cosine, substitute in the 
second foi-mula (-i) ares greater than 90", ABM' and A B' W, 
for example; and make a; = ABM', and — x = — AB'N'. 
The complement 90^ — x of the ^ 
first arc is negative, and ia repre- " 

eented in the figuve by the arc 
BM', situated on the left of the 
point B, whilst the complement 
90° + a: of the other are is equal j 
to B A W, and always on the right 
of the point B. But the sines M' Q 
and N'Q' of these eomplomentai'y 
arcs are equal, and are similarly 
disposed with respect to the di- " 

ameter B B' ; hence, we have always cos ( — x) = ci 
mul© (4) are therefore general. 

40. It is well to note that the cosine of any arc whatecer, posi- 
tive or negative, is always Tepresentftd in magnitude and position, 
by the distance fiom the centre to the foot of the sine. 

41. Formula (1), (2), (3), (4), may be applied to all possible 
arcs, positive and negative. Forbrevity,letnsconBidePon]y 
the sine and cosine, 

1st. Kesuming the two formulas sin cc = sin (180° — x), 
cos X = — cos (180° — ar) (Art. 33), which were demon- 
strated for positive ares comprised between o and 180°, 
they become, when x is changed into 180° + x, 
Bin (180= + x) = sin (—a;), coa (180° + x) = — coe (~x), 
which results are evident by virtue of the relations (2) and 
(4). We may increase the arc by additions of 180°, to in- 
finity, and the formulffi will remain unchanged. If we sub- 
stitute — X for + ^i we see, in like manner, that the two 
formula are sti!l true. They therefore suit all possible arcs. 
2d. Formulae (2) which have been demonstrated for all 
positive ares, are equally applicable to negative arcs. For, 
changing x into — x, they become 
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sin (180° — a:) = — ain (—x,) = sin .x 
cos {180° — cc) — — COB (— X,) = — COB X. 
thus rcprodacing formula (1). 

3d. Since tlie addition of 180° to any arc whatever +xoc 

— X, only changes the algebraic sign of the sine or cosine, it 
follow?, that the addition of 360° ahoulii produce no change: 
hence, formulaa (3) apply also to negative arca. 

4th . Formulffl (4) require no special demonstration, since 
it is evident that in them x may be replaced by — x. 

42. Nothing is now easier than to reduce to the flretquad- 
rant the trigonometrical linesof any are whatever. 
3;= 1029°, to be an are whose sine is required. Take 3 
from this arc as many times as possible, and there i 
309°. Then by formula (3), sin x = sin 309°. Now take 
180° from 309°; by formula (2), we have sin (180° + a;) 
= — sin X, hence, ein x = — sin 129°. Finally, sin a: = — 
sin 51°, since 61°, is the suppiemont of 129°. We might 
carry the reduction farther, by observing sin 57°, = cos (90° 

— 51°), and hence sin x = — sin 51° = — cos 39°. 

43- If the given arc had been x = — 1029°, the algebraic 
sign of the sine would have been contrary to the preceding, 
and jpe should have sin x = cos 39°. 

Of Arcs which correspond to a given Sine, Cosine, die. 
44. The preceding discussion has shown, that there exists 
an infinite number of arcs which have the same trigonomet- 
rical lines. Let us now suppose one of these lines given, 
and let it bo required to determine the arcs which corre- 
spond to it. 

Assume sin x = a. On the ra- 
_iS dins O B, perpendicular to A, lay 
/|T off Q = a, and through the point 
Q draw M M' parallel to O A. It 
is evident that we must take for 
_ A values of .■call arcs which terminate 
atthe points M and M'. Designate 
the arc AM by o, and 180° by «; 
AM' will he equal to rt — », and 
the positive arcs terminating in M 
and M', will be corapriBod in thp 
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a, 2rt+o, 4n + », 67* + o, &C. 

rt — a, 3rt — a, 5rt — <»,7«— a, &c.. 

We Lave AB'A'M = 2rt — *, and AB' A'M' = rt.+ a. If, 
■w-e add to these arcs any n amber of circumferences, and take 
the resulting arcs negatively, we shall have all the negative 
arcs which correspond, to the given sine, viz., 

— 2rt+a,_4« + », — 6K + a, &c. 
_ rt_a,_3«~a, — 6rt— *,&C. 

The ares of these four series may bo embraced in two very 
simple formulte. For, we observe, that in two of these series 
the arc a is added to all the even multiples of «, negative as 
well ae positive; and that in the other two, it JB subtracted 
from the odd multiples of it; if, therefore, we designate by 
K, any ■whole numher, positive or negative, and which may 
also be zero, then, all the required arcs may be expressed by 
the forraulse 

3^ = 2«rt + a,3;={2« + l)«-«. (5) 

4-5. We have supposed a positive ; if sin x =^ —-a, ive must 
lay off a on O E', by niabing O Q' = a. Then the arcs which 
are terminated in N and N', are the values of x. Make 
A B N' = a, it is easy to see that wo shall have A B N = 3 rt 
— a, AB'W = 2 rt — a, and A N = o — 7t. Hence, the values 
of cc, positive and negative, which correspond to the sine 
O Q', are 

o, 2n + a, 4rt + a, &C.; Srt— a, 5rt— a, 7n~-a,&C.; 
~2rt+a, —4n-\-a, 6n+a, &c.; n—a, — rt— n, — 3rt— tt, &C.; 
and it is evident that they are atiU comprised in foi-mulic (5). 

46. In all the cases, if a exceeds the radius of the circle, 
r, the are x will be imaginary, for the greatest positive sine 
ia + r, and the greatest negative sine is — r. 

47. Assume cos x=a. If a is positive, take on OA,OP=a, 
and at the point P erect the perpendicular MN ; the values 
of X are the various ares, positive and negative, terminating 
in M and K Making AM = a, it is easy to see, that all 
these arcs will be embraced in the four series 

a, 2n; + (i, 4rt+o, &C.; 2rt — a, 4rt — a, 6n — a, &c.; 
—a, --2«— o, — 4«— a, &c.; — 2rt+a, —in+o, — 6rf+«, &C.J 
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mlier wiialever, positiva 
3 comprised in tbo two 



and deRigiiating by k any whole ni 
or negative, all these arcs may 1: 
formulas 

a:=2Krt + a, x=2xn — a.. (6) 

48. If cos x= — flilay off a on O A', then designating by o 
the arc A MM', no ohange ia necessary in what preeedas. If 
a ia greater than r, the arc x becomes imaginary. 

49. Assume now tang x=(i, and let a be positive. Take 

the tangent A T=a, above A, and 
s' n _ig di'awtheright linoTMN', passing 

X'Z tbroiigh the centre, and meeting 
the circnmfereiice in M and N'. 
\ The values of a; arc the positive or 
_A negative ares which terminate in 
M and H^ Make the arc AM = ar, 
/ we shall have AMN'=« + o, 
^T AN'M = 2rf— a, ANN'^rf— o; 
^^ and the required ares will be that 
of the series 




'• + », 



t+». 



4rt+o, &C., 

5rt+a, &C., 

-6rt+tt, &C., 

-5« +a, &e. 



In these four series the arc a is found added to all the mul- 
tiples of jt, positive and negative ; hence the general formula 
for the required ares is 

x = k,+.. (7) 

50. When the given tangent is negative, we lay it off on 
AT' below OA; a represents, in this case, an arc comprised 
between 90° and 180°, such as ABM'. It is also evident 
that the tangent may have any niagnitude wo pleiiae. 

51. We will not examine the eases in which the arc ia 
made known by the other trigonometrical lines. But we 
readily see that arcs which have the same sine, the same 
cosine, or the same tangent, have also the same cosecant, or 
the same secant, or the same cotangent ; and this will be made 
more apparent when we have established the relations 
between the trigonometrical lines themselves. 
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52. "We must not forget that, in these forrrmlie, a always 
represents the smallest are between o and 180", correspond- 
ing to the given trigonometrical line, n the semi -circumfer- 
ence, and A any whole number whatever, positive or nega- 
tive, and which may also be zero. 

Mow the Sines, Cosines, &e. may he reduced to Simple Eatios. 

53. In trigonometry, an are being only employed as, the 
measure of an angle, it is not its absolute magnitude which 
is considered, but its ratio to the circumference of which it 
forms a part. Now, it is precisely this ratio which is indi- 
cated by the number of degrees in the arc; and it is evident 
that this suffices to determine an angle ; for, all the arcs com- 
prised in the same angle, and described from ita vertex as a 
centre, contain an equal number of degrees, whatever bo tho 
radii of these area. 

54. The ratios which exist between the trigonometrical 
lines of these arcs, and the radii of the circles to which they 
belong, depend, in like manner, upon 

the number of degrees in the arcs; 
thus, MP, M'P', M"P", &c. being 
the sines of similar arcs, we have 



MP_M'P'_ M"P" 
OM~OM'~ Oil" 



&c. 




Hence, when an angle is given, the 
sine itself is not determined, but the 
ratio of tho sine to the radius, as is 
expressed in the above ratios, 

55. The same remark applies to cosines, tangents, &e. 
Hence, in all trigonometrical ealcnlations, it is not the abso- 
Iwte lengths of the trigonometrical lines, but their ratios to 
the radius of the circle to which they belong, that must be 
considered; and these ratios only are introduced into the 
operations. For this purpose the method is simple. It is 
only necessary to take as unity the radius of tjie circle in 
which the trigonometrical lines are considered; then the 
mimerieal values of these lines will not differ from the i-atioa 
themselves. "We sometimes give totbeee ratios thedesi^^ 
tion of natural sines, natural cosines, &c. 
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56. The simple form of the ratios wMflh the trigonometri- 
cal lines assume when the radius is 1, tends to simphfy very 
much the trigonometrical calculations. In the fundamental 
formuliB no hypothesis will be made upon the value of the 
radius, but it will be always designated in these formal^ by r. 

57. When vesuHe are obtained in which the radius is taken 
as 1, we may readily modify them for any value of the radius. 
For, from what has been said, it is evident that ratios of tho 
eines, cosines, &c., to a radius r, must be equal to the since, 
cosines, &c., when the radius is unity ; hence, in these results, 
it is only necessary to change sin cr, tang 6 &c., into , 

r 

For example, suppose that w-o have found between tho 
area a and b, the relation 

1 — COS a 
tang h =^r-r ^— — i 
'^ 1 + sin « ' 

making the substitutions, wo have 



tang b _ 



and reducing, we shall have, without making any hypothesia 
upon tho value of the radius r, 

rfr — cos (e) 
tang ;< = - ^ , -. i. 

58. We must be careful not to suppose that there ia a de- 
terminate length which corresponds to the radiaa 1, and 
another corresponding to the radius r, just as there are dis- 
tances equal to 1 yard, 2 yards, &c. In fact, each trigonomet- 
rical line of a given angle is expressed by different numbers, 
according to the hypothesis made upon the radius, hut these 
numbei-8 have always a constant ratio to that which repre- 
sents tho radius, and it is the ratio which alone enters into 
the calculations. 
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lAnes to each othej . 



Relations of 

69, The triangles of the flgnve 
make knowa the relations of the 
nix trigonometrical liuea to each 
other. 

Ist. In the first place, the right- 
angled triacgle OMP gives 

MP'-f OP'="OM'- 
And if we make the arc A M = a, 
the radius OM = r, and substitate 
for the several lines their trigono- 
metrical designations, viz., MP= sin a, OP 
have for the first relation 

sin 'a + cos 'a = r^ (8) 

2d. The similar triangles OMP, OTA, give the proportions 

AT _ QA. O^ 0A_. 

MP" OP' OM~ O-p"' 
and the similai' triangles M Q, O S B, give the proportions 

'MQ ~ OQ' 0"M ~ OQ' 

Making the necessary eubstitutions, we have the following 
relations, 




tang a 


r 




cos a 


SGca 


"cosa' 


cot a 


r 



; tang u = — 



(9) 
(10) 
(") 



= -. , or, cosec a = --. — - (121 

r sm a, ' uma ^ ' 

60. Pormula (8) serves to determine the sine in terms o 
the cosine, and reciprocally. If we assume the ein a a 
known, we shall have 
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Wo obtain two equal values for tho cosine, witli contraiy 
eigQS, because for the same sine, Q, for example, there ara 
two cosines OP atid OP', which are equal aud opposite to 
each other. 

61. FormiilK (9), (10), (11), (12), make known thevalues of 
the tangent, secant, cotangent, and cosecant, when we know 
the sine and cosine. 

62. To make an application of those formulto, let us take 
the value of sin 30°= ir, which has been found (Art. 13). 
With this value, and by the aid of the above formnlso, we 
may readily calculate the cos 30°, and then, the tangent 30°, 
the see 30°, &e. Observing that the complement of 30° is 
60°, we form the following table ; 

sin 30°= cos C0°= ^-, cos 30° = sin G(i°=^~-—. 



aec 30°=eosecC0=~^, cosec 30°= seo 60°= 2r. 

63. Although deduced from a figure in which the arc a is 
<:^90°| the forraulte of (Art. 59) are not the less general. 
This will be evident, if we only consider the absolute values 
of the trigonometrical lines ; for, these linos always form right- 
angled similar triangles, from which we may deduce results 
corresponding with those found in the article cited. With 
respect to the algebraic signs of the lines, it is manifest, that 
formula (8) still holds good, since it contains squares only; it 
remains then to examine whether the other formula always 
give for the tangent, secant, &c,, the algebraic signs which 
correspond to their positions. 

64. In the first quadrant, that is, from to 90° the sine 
and the cosine being positive, the four formula give positive 
values, as they should do. In the second quadrant, the sine 
tSi positive, and the cosine negative, and therefore the values 
of the tangent, secant, and cotangent are negative, while that. 
of the cosecant remains positive ; and the figure shows that 
these are the signs which these lines should have. In the 
third quadrant, the sine and cosine are negative ; hence, tha 
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valuea of the tangent and cotangent are positive, whilst the 
values of the secant and cosecant are negative, and these 
eigns coiTCSpond with tho positions which the four linea 
take. Id the fourth quadrant, the sine is negative, and the 
cosine positive; the values of the tangent, cotangent, and 
cosecant arc negative, and that of the secant is positive, still 
corresponding with the indications from the figure. 

Beyond 360", tlie values of the sine and cosine correspond 
in magnitude and in sign, for any arc 360° + «, with those of 
the arc a ; and these results are confirmed by the four formu- 
lie. And, it will also follow, that the tangent, secant, &c., 
ifluet have the same values for an arc of 360° + a, as for an 
arc a. 

65. Lot us now suppose the arcs negative. Since sin 
( — a) = — sin d., and cos { — a) = cos a, (Art 38) ; it follows, 
that in changing the sign of the arc, the values given by the 
formulfe, for the tangent, cotangent, and cosecant, take con- 
trary signs, without changing their magnitude, while the 
eecant remains the same. These resulta also correspond with 
the indications of the figure. 

66. Finally, it might be apprehended that the formulffl 
would fail for the arc 0^ 90°, 180°, &c., because, in these caaes, 
the triangles cease to exist. But it is easy to see that they 
still give results which correspond to these values of the arcs. 
For example, if wo mako a = 90°, we shall have, sin 90° = r, 
cos 90° = 0; hence, tang dO° = <x>, sec 90° = ao, cot 90° = 0, 
cosec 90° =r: values which wo ought to have. It is proper 
to observe, that the value tang 90°= oo, should be taken 
with tho doubtful sign ±; for, it is, at the same time, the 
limit of positive tangents, which we obtain by increasing the 
arc from to 90°, and the limit of the negative tangents, 
which we obtain, by decreasing the arc from 180" to 90°. 
The same remark applies to other trigonometrical lines 
capable of becoming infinite. 

67. We conclude therefore that the five formula we have 
been disciiasing are general, and are not limited by any 
exceptions. 

68. Having demonstrated the generality of formLiIse (9) and 
(10), we might have concluded from them that of (11) and 
(12), without further proof; for the latter can be deduced 
from the former by substituting 90° — a, for a. 
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69. In gotiei-al, whenever a relation between trigonometri- 
cal lines has beendemonsti'ated for all possible values of arcs, 
we may substitute for these arcs, their complements, which 
only requires that we should change the sines, tangents, and 
secants, into cosines, cotangents, and cosecants, and recipro- 
cally. 

70, The five relations first discussed may be used to find 
others. We proceed to exhibit the most remarkable. 

Ist. Multiplying together formula (9) and (11), we have 
tang a x cot « = r' (13) 

which shows, that the radius is a mean proportional between tJie 
tangent and cotangent. This could be at once deduced from 
the similar triangles O T A, S B. 

2d. Formula (9), gives 

, , , , , r' sin^ a j-' (ain' a + cob' a) 

r'4- tang' a = ^=4 — ■ — -r— = -- ^^- -i = 

^ * - cos' a eos^ a 

But fiio'fl + cos'(;[ = j'', and sec^a^— ^;— , hence 
cos' a 

r'' + tang' a = sec" a, (14) 

a result which is evident from the right-angled triangle 
OTA. 

We deduce, by an analogous process, the other formula 
r' + cot' a = eosec' a, (15) 

which may also he obtained from formula (14), by substitut- 
ing for a. 90° — a. 
3d. Formulffl (10) and (12) give 



Squaring these equations and adding the results, member by 
member, and obser\'ing that sin' a + cos' a = r', we have 

J_ 1 ^1^ 

sec' a cosec' a r' *- •' 

71. In general, one of the six trigonometrical lines being 
given, the relations (8), (9), (10), (11), (12), will make known 
the five others; and the operation becomes a simple resolu- 
tion of equations. 
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For example, if we wish to find the sino and cosine by 
means of the tangent, we malio use of equations (8) aad (9) 



sin' a+ coa'c 



', tang a^~- 



and deduce from them the values of sin a and cos fl. The 
second gives r' ein'a = taiig' a cos' a; then, by means of the 
first, we readily obtain 

Bma=_ S__:co3o = ^ — (l^j 



Vr' + ta.ng'a 



s^r^ + t&ug'a 



The double sign ± indicatea that there are two sines and 
two cosines, equal and oppositely situated, which correspond 
to the same tangent; as is also shown by the figure. Care 
must be taken that the superior signs are taken together, 
and the inferior signs together, otherwise we should not 



Formulie to find the sin (a + b) and cos (a + b), also sin (a. — b) 
and cos (a — b). 

72. Knowing the sines and cosines of tmo 

arcs a and b, it is required to find the sine 

arid cosine of the sum of these arcs and of the 

difference of these arcs. 
Let A B = rt, and B = B T>=b, bo the 

two given ares. Draw the chord CD, 

and the radius B perpendicular to the 

chord at the middle point Q ; draw also 

the radius OA, and the perpendiculars ** 

BP, CR, ES. We shall have 

B P = sin «, P = cos a, C Q = sin &, O Q = cos b, 
A C = ffl + 6, C E = sin (a + J), R = cos (a + b), 
AD=a — 6, DS = sin(a — i'),OS = cos (a — b). 

Now, draw QE perpendicular to OA, and QF, and D G, 

parallel to O A. The triangles C Q F, Q D G, will be equal, 

having the angles equal, and the side QC = !DQ: hence, 

D G = Q F, and G Q = C F, and we have 




IPSA 
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Bin (a + S) = C E = F E + C F = Q B + C F, 
cos (a + 6) = 0K=0K — EE=:OE — QP, 
eia{a — b) =DS = QB — QG=QE — CP, 
cos(a — t) =0S = 0E + 1>G = 0E + QP. 
The triangtos O B P, and O Q E, are similar, since B P and 
B parallel ; and O B P ia also eimilai" to C Q F, b 



of the perpendicularity 


■ of the 


ir sidoB ; 


hence we have 






OQ 
OB' 


OE 

OTT'- 


OQ 
-OT' 






CF 


01} 
'OB' 


QF 


CQ 
-OB' 




From these equalities, 


we deduce 






QE 


sina 


COB h 


0E = 


cos a CO 


sb 


— r 


r 


' 


CE 


OOSffl 


sin £ 


QF_ 


Sin a s\ 


nb 



Buhstituting these values in sin (a + 6), cos (a + b), &C., wo 

get 

,in (a + 6) _^i!LA^£iAdL££ll£i!!i, (18) 

cos (« + J) ^ cos^cos6-s m_^_jinj_ ^^^^ 



-!'-li^, (20) 

cos (a- 6) ^ cosaeos^ + Mnas mj^ ^^ij 

73. The figure employed seems to attach certain restric- 
tions upon these fortnulse, since it is assnmed that a and b 
are jjositoe arcs, and a + 6<;90°, and that rt>.6in the ex- 
pressions for sin (a—b) and cos (a — 6). We may readily 
modify the constructions to correspond with these varioaa 
cases, biit as these cases are numerous, the following process 
■wil! be found preferable. 

Ist. The restriction ay b may be removed from the for- 
mula (20) and (21). For when a<i, wo know (Art. 38), 
that we have 
eln (d — 6) ■= — sin {b — a), and cos (a — 6) = cos (b — a). 
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But, b being greatei' than a, we may obtain sin {h — a) and 
COB [b — a) from tbe formulfe (20) and (31), by changing a 
into h, and 5 into a : but this substitution will only cause the 
sign of the first to bo changed, while the second will reniivin 
the same: we shall, therefore, have, for sin (a—^b) and cos 
(a — b), the same formulie as in the case of «^6. Hence, 
these formulffl apply to all cases in which a and b are posi- 
tive, and M + 6 < 90°, and we may therefore give to a and b 
any values we please between and 45°. 

2d. Since the formulie which embrace {a — b) may bo de- 
duced from those which express sin (a -|- 6)j and cos ^(I -\- b), 
by changing b into — 6, it follows, that formulfB (18) and (19) 
are true for all values of a between and 45°, and for all 
values of b between —45° and 4-45°. Further, these for- 
mula also suit negative values of a, taken from to — 45°, 
For, representing by a an are <45°, and making a = ~a, 
we shall have 

sin (a + b) = sin (—o.-\-b) = — sin {o. — b), 
co9(ffl -J- 6) = cos( — o-l- b)= cos {a — b). 
The arcs a and — b are within the limits for which the for- 
mula! (18) and (1!1) have been demonstrated: therefore, 

. — sindcoa 6 + cos o sin 5 
am {a + b)=~ sin (n — b) = , 



a + b)= eos (a ■ 



.Since « = — », we have (Art. 38) ein a = — sin a, cGsa 
= cos a, and, hence, these formula! reduce to (18) and (19). 

3d. We will now prove that in formulae (18) and (19), we 
may extend indefinitely the positive and negative hmita of 
a and b. Make a = 90° + a, a. being any arc whatever 
between — 45° and +45°: we shall have, on taking the com- 
plements, 

sin (a + l)= sin (M°-|-a-|- b) ^ cos(— a — &) = 
cos a cos h — sin a sin b 

cos (n + 0) == — , 

COS (a + h) = COS (90° + a -I- t) = sin (—a — h) = 
, , ,, ^sinacost — COS o sin 6 
~ sin ( a + i) : ~-^- 
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But einco a = 90° + a, we have, by known reductions, 
sin a= sin (90° + a) = C09 ( — a) i=;coso, 
cos a = coa (90° + 0) = sin ( — «);= — sin a. 
Therefore, we may Bubstitnte for eos a, the sin a, and for 
sin a, cos a, which again reduces to the fomiulte (18) and 
(19). Now, taking a between — 45" and + 45°, the are 90° 
4- a, or a, passes through all magnitudes from 45° to 125", 
and the positive limit of a is extended to 135°. Eepeating 
the same reasoning, it is evident that this limit may be again 
extended from 90° to infinity. 

74. The demonstration given (2d), to show that if the for- 
mnlfe (18) and (19) are true for positive values of a ■<C.i&°, 
they are also true for the same values taken negatively, may 
be applied to the case in which the positive limit of a ia 
greater than 45°. Therefore, since wo havo seen that they 
are true for all poaitivo values of a, they are also for all neg- 
ative values. 

75. As to the arc b, it is evident it is subject to the same 
reasoning that baa been applied to a, and wo may also extend 
to infinity each of its iimits. Therefore, formula) (18) and 
(19), as well aa formnlse (20) and (21), are proved for all 
values of the arcs a and b. 

Formulce for the Multiplication and Division of Arcs. 

76. Hereafter,the radius willalways bo considered as unity, 
so that we shall have r=l, and under this hypothesis for- 
mnlfe (8), (9), (10), (11), (12), (18), (19), (20), (21) become 

_ , ain a , eos a , 

sin' rt + cos' a=l, tang (1= ■ .cot « = -.—, sec a=^ 

eoaec a = -^ , sin (a ± il = sin a cob b ± eos a eio 6, 
eos a ^ ■' 

cos («ztJ) = cos a cos 6^ sin a sin b. 

77. If now we make b = a in the expressions for sin (a -(- b) 
and cos (a + b'), we have 

sin 2a=2 8in a cos a, (1) 

coa 2 a =r cos' a — sin' a, (2) 

which enable «s to determine the sine and cosine of double 
of an arc, when we know the sine and cosine of that arc. 
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78. Making b = 2'a, the eamo expressioiici give 

Bin3fl=ain(i cosSa + coad sin2rt, 
cos 3a = cos d coa2a — sinii 6ia2a; 
and substituting for eiii 2a and cos 2a, their values, and 
remembering that sin' a + eos' « = 1, we have 

sin 3 a = 3 sin a — 4 sin' a, (3) 

cos 3 a = 4 cos'a — 3 coa a. (4) 

By the sanie process ive may deduce the expressions for sin 
4 «, sin 5 a, &e., and for cos 4 a, cos 5 a, &c., or of any other 
multiple of a. 

79. The formula; for the division of area are readily deduced. 
Thus, to find the siue and cosine of 7iaJ/an are, make a=ia 
in formulaj (1) and (2) ; wo have 

2 sin ia cos J a = sin a, (5) 

eos' i a — sin' i a = cos a, (6) 

and wo have also 

00.- !« + . in- !<.= !. (7) 

If we suppose the valne of cos a to be known, wo have only 

i the eqnations (6) and (7) to get the valnos of 
a. and coa i a. "We get 



, , /I — cos a, , /1 + eosM ,„, 
%iRia=sy^ 2 cosi<^=^y— ^ . (8) 

80. It is proper to note that these values of sin J a and 
COB i a should be affected with the double sign ± 1, Wo may 
readily see why these two equal values with contrary signs 
should exist, for we observe that it is not the are a itself 
which enters into these values, but its cosine, so that the for- 
mulie should make known, at the eamo time, tho aine and 
cosine of the half arc for all arcs which have the same cosine. 
These area are made known by the formula, Art. 44, 

a; = 2 Artie, 
In which o. denotes the smallest positive arc corresponding 
to the given cosine, « the semi-circumferenco, and !c any 
whole number, positive or negative. We ought then to find 
For sin J a and cos J a, the valaes included in 

sin (An±itt) and cos (Srt±io). 
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If A is even, ha will be a multiple of 360°, and we may sup- 
presa it without altering the value of llie sine or cosine, and 
there will result 

sin (± J o) == ± sin i a, and coa (± ^ a) = cos Ja. 
If A is odd, we may still suppress /( n, but the signs of tlie sine 
and cosine muat be changed (Art. 35), and we have 
— Bin(dzi(t) = qzsin Ja, and— eos{± Ja) = — cos J a. 
We Bee, therefore, .that we have in fact two equal valnea for 
Bin i a and cos i «, affected with contrary signs. 

81. If we have the sine given instead of the cosine, it will 
be only necessary to substitute in formulie (8) for eos a, its 
value, Vl — ein' a. Since this new radical also has tlie 
double sign ±, we should have four values for each of the 
unknown quantities sin Ja, and cos ia. 

But we may obtain these values under another form. 
Resuming equations (5) and (7), 

2 sin J a cos J a = sin a, 
eos^i a+ sm'ia= 1, 
we deduce from thorn the values of ain | a and eos J a. Add- 
ing the first equation to the second, and afterwards sub- 
tracting the first from the aceond, we have, when we extract 
the square root of both numbera of the resulting equations, 



cos la -f sin ia^ ■^/l + s\n a. 



coa J a — sin Ja= ^/l — ain a; 
from which wo readily deduce the values sought : 



sin } a = a v* 1 + si" u — i v^ 1 — sin o, (9) 



con i a= i ^ 1 + 6in a + i ^ l — sin a. (10) 
Since there are two radieala, each of these expressions h&e 
four values, as might have been anticipated. For, these ex- 
presaions should make known the sine and cosine of the 
half arc for all arcs which have the same sine. 

But these arcs are made known by the formula, (Art. 44,) 

hence, the expressions for sin h a and cos ^ a, must .give the^ 
sine and cosine for all arcs represented by 
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/;™ + U, njld(k+i)^ — ic.. 

But we may euppi'ess Art, taking care to retain or change 

the signa of the sin© and eosine, according as k is even or 

odd. Hence, we ehonld have for sin } a and also for cos J a, 

four values, viz., 

sinia=±ein J a, and sin J o = dz sin (Jrt — J a), 
cos i a = ± cos i a, and cos J ra = ± cos (} rt — I a). 
We see, further, that they are equal, two and two, with con- 
trary signs. If = 90°, we have Jo = 45°, itt — Jo = 45°; 
and the four values are reduced to two. 

82. Another observation suggests itself. Sine a = 180°, it 
follows that the two arcs i a, and j « — J a, are eompiements 
of each other. Hence, the preceding values may also be 
presented thus : 

sin 3 a = ± ein ^ o, ein i a = ± coa J a, 
cos J n = dz cos J a, cos i ra = zfc sin J a. 

That is, the values of sin i a and cos i a are the same, and 

this is indicated by formulte (9) and (10). 

83. One difficiilty remains to he explained. "When the arc 
a and its sine are known, to ascertain which of tliefour soIut 
tions must be selected for sin ^ o or for cos i a. For brevity, 
let us consider sin J a only. Taking the radicals with their 
different signs, the four values of sin i a may be written, 



sin i «= ±i (v'l + ein a—^1 — sin a), 



sin ^a = ±J{v'H-sina-f v'l — Bino). 

In the first place, it is evident, that the two first are equal 
■with contrary eigns, and the same for the two last. If we 
square the first, the result is <i, while the square of the 
other gives a result > J. But we know that sin 45°= coa 45° 
= i; hence, neglecting the signs, the two first values are 
less than the sin 45°, while the two la.st are greater than 
sin 45°. 

But, when the arc is given, we may readily determine 
Apriori whether the sine of the half arc is positive or nega- 
tive, and whether it should bo greater or less than 45°. 
Thus, all in determination vanishes The same reasoning 
applies to the cosine. If, for example, we take o<9{>'': 
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aiii i a must be positive and less than sin 45°; cos ^ a must 
also be positive, biifc greater than 45° : and those values of 
(9) and (10) must be taken which fiilfli these conditio) s. 

84. Let ns now consider the (meedonof arcs. Substituting 
for a, i n, forniulie (3) and (4) become 

sina = 3sin i«~4sinHa, 
cos a ^ 4 cos' i a — 3 cos J a. 

If now the cos a be given, and we wish to find the value of 
coa J a, maise coe o = i, cos -} a = z, and the second of these 
equations becomes 

The resolution of this equation determines the value of 
cos i a. Without enteiing into the algebraic details, we 
will show & prion that the three values of z in this equation 
are real. 

Since the eosme is given, the formula of the ares corre- 
sponding to this cosine is 2Jind=a (Art. 44); hence, equation 
(11) has for its values all those which arc embraced in the 
expression 

z ~ coa y~~" ' 

The whole number k, can only have one of the three forms 
3 n, 3 n -f 1, 3n — 1, (w being also a whole number). M ake 
k = Zn, k = Zn+l, k = 3n — 1, successively ; we shall have, 
suppressing useless circumferences, 

. ^ cos .^i?^''-^^- cos (-2 n rt ± --) = cos f dz -•) = cos — ■ 

2=cos-i !— |- = eo3(_2?i:t+i— ±--)=:cos(-g-dz^); 

z = eos-1 -~^ -= cos (— -g-i -g-) = COS (-g~± -g-)) 

the two last values are the same as (ho preceding; then 
there are in all throe different values, as follows : 
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It eoiiietimcs happens that two of theso values are equal 
to each other: thus, the first is ec^ual to the third, when a 



Formulce relative to 

85. Let usnow find the tangent of the sum and difference of 
two arcs, when the tangents of tliese arcs are known. 

According to the relations established (Art. 59), ■vve have 
in the first place, 

• 1 (« + ^) 
s {a + 6)- 

Substituting for sin (a + h) and cos (a + b) their values (Art. 
72), we have 

sin « cos J + coa c( Bin & 

tang (a 4- 6) = ~ — — — 5— — : -. — =-. 

'^ '- ' ^ coa a eoB 6 -f sin a em b 

To express this value of tang (a + i) in terms of tangents 
only, divide tlio numerator and denominator by cos a cos 6, 



tang ia + b) = ■ 1--- - ■ ■ ■ v 



cos (I cos 6' 

But — = tang a, and = tane b ; substituting these 

cos« ^ ' cost ° 

values, we have 

, , ,^ tang a + tang 5 

Ej a like process, we find for tang (a — 6) 

, J- tang a — tang fi 

tang (a — o) = , ■ ■ -f - — ^ — t~^^' C^) 

°^ ■' 1 — tang II tang i> 

86, Lot & = a, wo shall have for the tangent of douUe arcs, 

2 tang a .„, 

tani; 2 o = = r ■^-- w; 

^ 1 — tang'a ^ 

87, To determine tangent of i a, in terms of tang a, sub- 
stitute in (3) J a for a, we get 

2tang j__^ 

1 — tangMa ^ ' 
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1 reduces to this equation of the Bocotid degn 




from which we deduce 



Equation (4) having — 1 for its last 
/ T term, ive know, without solving it, 
that the product of the two vahies of 
tang J a is equal to — 1. Hence, if 
A T and A T' aro those values, in the 
1 ^ situation corresponding to their signs, 
we must have A T x A T' ='0A', 
whit'h shows that A is a mean pro- 
■^ portional between AT and AT', and 
hence the angle TOT' ia a right 
mgle; or the arc MM' is equal to 90°. 
88. We frequently meet with the following formulto, 




tang J a 



(5) 
(6) 



tang ia=~ 



C) 



These formulie are easily deduced from those already 
known. It is evident that we have, (ji.rt. 76,) (Art. 79,) 



tang i a = 



J « V n 



tang 3 (I = - 
tang 1 a = - 



CO.- i a 
sin' } a 
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Fonnidce frequently used. 

89. The formnlffi for sin (o±&) and cos (a±h), (Art. 72,) 
lead to ii great many formulie which are often used by 
astronomers. "We will now refer to the most important of 
these. 

Combiaing formula for sin (a-\- 6) and sin (a — 6) (Art. 

72), and those for eos (a + V) and cos (a — 6), by addition 

and Eiibtraetionj wo have 

2 sin a cos >= sin (a + V) + sin (a — S), 
2 cos re sin 6 = sin (a + &) — sin (a — h), 
3coaa COB ft = cos (a — 6) + cos (a + i), 
2sin o sin J = eo8{(i — 1) — cos (<i-f b). 

These formiilse may be used to transform the product of a 

sine and cosine, or of two cosines, or of two sines, into a sum 

or difference of two trigonometrical lines. 

90. Let p and q denote any two arcs whatever ; make 
a + h=p, and a,^h = q; we shall Lave a= } (p + y), fi= } 
(p — q^, Siibstituting these values in the preceding formult^ 
we get 

sinp + sin 5 = 2sin J (^ + g) cos i (p — q), 
sin p — sin 2 = 2 COB J (p + q) sin ^ (jj — q), 
cosp-+cos5 = 2co8i (jj + 3)cos J (p— ?), 
cosg — eosp = 2Bin i (j" + $) sin i (j) — q). 
These formulte are of frequent use in logarithmic calcuta> 
tions, to change a sum or difference into a product. 

91. Finally, by division, and remembering that, in general, 

?!!! -r^tariir A= ■ — ■-.- the last formulie lead to the fot 

cos A ^ cos A 

siny + ein q sin j (p + q) cos j (p— g )_tan g i (p + gj 
sin p— sin g'-cos i (? + <?) sin | (p— 3) tSH^ J (p— «) 

!>?J,.tlL"_9 =5?LHP±4 = tang i (p + g) 
cosp + cosg cosi(p + 3) ^ yi- ' t' 

.jnp+^nq ^ eosijp- 5> ^^^ ^ 

eo9^ — COS <i sill J (p— ?) 

sin p— Bin? Bin t(p— ?) _, 
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COS g — coup smJ(p + 5') ' " 

eoa p + COS g _c os j (p + q) c o s ^ (y — q) _ Goti(p -\-q) 
C9S $ — ooa^~sin ^ (p + 9) sin J (ji — y)" tang J (p—-q)' 

. Among these fovmnlffi, we observe that the first may be 
enunciated as follows; Tlie sum of the sines of two arcs is to the 
difference of the same sines, as the tangent of half the sum, of the 
arcs is to the tangent of half their difference. 

92. We sometimes meet with trigonometrical transforma- 
tions, the origin of which we may not he able to trace. We 
may assure ourselves of their accuracy, by verifying them. 
Thus, to verify the relation 

sin (a + b) sin (a — ?i) = 8in' a — ein' l, 
we substitute for sin (a + h) and sin (a — b) their values 
(Art. 72), and we have 

sin (a + I) sin (a — b) =z sin' « cos' b — eoa' a sin^ b ; 

then putting for cos'a and coa'S, their values 1 — sin^a, 
I — sin' h, wo m.ay readily deduce the proposed eqnality. 

To verify the relation eosa = — „, , substitute 

•' cos'a+tang'ia' 

fortangjtt itsvalue — 

-sin' 5 a 



cos*J «+sin'J a. 

But since cos' i o + sin' J a=l, and cos' ^ a — sin' J a = 
cos a, (Art, 59 and 79,) these substitutions reduce the second 
member to cos a, as was req^uired. 

As a further exercise, the student may verify the following 
transfer m ations, 

COS (a-{-b) cos (a — 6) = c08" o — sin' 6. 
_ l + tang a 



tang (45° + a) = 



1 — tang a 
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tang a-ftang 6 = 



^(n + h) 



I cos 6 

tang a + tang b + tang c = tang ,o tang 6 
The last formula suppoaes that a-^h + e= 
proves that there may be an infinite number of 



three gnantitie 
product. 



and it 

of 



I such, that their sum sJutU be equal to their continued 



Found. 



93. It has been observed, that, after %^\xiX>\\s\na^ geometti- 
i;a% the /onreute which express ein (a-fft) and Bin {a — i), we 
Lave deduced the other formulse by the ordinary proeeeses of 
algebra. From this the conclusion is drawn, that the fli-st 
being trne for all possible ares, the last are not less general, and 
in this eonaiata the essence of all analysis. On the contrary, 
in geometrical constructions, the conclusions drawn from each 
figure are necessarily limited to the particular construction 
which is made. Still, as geometry serves to make the truth 
more apparent, and constitutes a most valuable means of 
mental discipline for the student, we proceed now to demon- 
strate in this way the principal results already obtained. 

94. The sine and cosine of an arc being given, to find the sine 
and cosine of tlie double arc. 

Let arc AB = BC = (i, and make the 
constructions indicated in the figure,, we 
have 

,8ino = AP, cos a = OP, sin 2b=CQ = 
2 PH. 

co9 2o = OQ = OH— QH = OH— AH. 
The right-angled triangle OP A gives 



"-? 



PH: 



APxOP 

OA ' 



OP= 




consequently, substituting for tho lines their trigonometrical 
d'esTgnations, and making radius O A = 1, we find again the 
formula (1), (2), art. 78, as follows, 

sin 2 a = 2 P H = 2 sin a cos a, 

cos 2a = OH — An = coa^a — sin' a. 
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85. Having given the cosine of an a; 
of the half arc. 



', to find the sine and cosine 




Make the arc A C = o, draw C P 
perpendieulai" to tlie diameter AB, 
and the chorda A C and BC, and the 
radii O D and E, intersecting the 
chords at their middle points. Aa- 
guming the radius A = 1, wo shall 
have OP = coa a, AP= 1 — cos a, 
BP=l + C03<i, A0 = 2einja, 
B C = cos i a. Since each chord is a mean proportional 
between tho diameter and the adjacent segment, we have 

AC' = AE X AP, or, 4sin' 4 a = 2 (1 — cos a) 
BC' = ABxBP, or, 4cos'Ja=2(;i + cosa). 

From these results wo deduce the formulfe previously estab- 
lished for sin i a, cos J a, 



lia 



V- 



.Vi^' 



96. The sine and cosine of an arc being given, to find the sine 
and cosine of three times the given arc. 

Lot the radius O E = 1, the arc A B = 
^C=CD=a. TheisoscelestriangloBOD 
ia similar to BDF, for the angle OBD 
is common, and the angle E D F, which ia 
measured by tho half of B A E or E D, 
is eqaal to B O D. Wo have, therefore, 

BF_Bn 

BD~OB' 
Draw P & parallel to B P, wo have P G = 
BF = 4Bin* a, and tho similar trianglos 
Q G P, O B P, give 

QG__P_G 

B P O B' 




,, hence, BF = 



;, hence, QG = 4Ki 
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BatTve have sin 3a = DQ = l)P + VG— QG^B.D + 

B P — Q G- = 3 sin n — Q G-, 

eos3a = OQ = OP — PQ = coao — PQ. 

Substituting the values just found for Q Gr and P Q, wo have 



cos 3u = eoa a — 4 sin' cos a. 
The first of these results correspondB with formula (3), Art. 
78, and Bubstituting for sin' a its equivalent 1 — cos' a, the 
Beeond reduces to formula (4). 

97. Having given the tangents of two arcs, to find the tangent 
of their sum, and the tangent of their difference. 

Let the radius 0A = 1, AE = a, BO 
= b. At the extremities of the radii OA 
and B draw the tangents AT and BS, 
and let fall the perpendicular SH on O A. 
By hypothesis we have given B K = tang 
a, BS = tang6; and it is required to find 
AT=tang (a + b). 

Since the triangles OAT, OHS are 
eimiiar, we have 




H AR 



AT SH 
O 



SH 



^ = ^,Uence,tang(a + 6) = (jjj. 



Since the triangles S H B and O B Jl are similar, we 
S H from the proportion, 



SH_ 
SB' 



OB' 



or,SH = 



tang a 4- tang b 
''~ ''OR. '"' 



To find O E, we know, from an established theorem, that 
we have 

SK' = 0E'4-0S'— 20Ex OH. 
But, SE' = (B E -j- B S)° = BE' + JBS' + 2BExBS. 
Heneo, 20ExOH=OE'— BEVos'— BS'— 2BExBS 
= 2 0"B' — 2BRx BS = 2 — atangd tangfi. 
Consequently, 

0H = 



— tang a tang 



OR. 
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tang (a+b'):= 




the second term of the jiiii 



change of sign in 

tang (a- 



.b) = 



Substituting in tang (a + />), the values of SH and OH, we 
have the formula already known, Art. 85, 

tang a + tang b 
I — tang a tang ti. 

"We may readily deter- 
mine, by a like prooosBjthe 
Yalue of tang (a — b). In 
thie case, A C = a — b, and 
no difficulty exists in im- 
mediately deducing the ex- 
~jl37~~" ' a prcssion. Since ES is 

equal to tang a — tang b, 
meratora of S H and H have a 
xnd we get, as before, 
tang a — tang b 
" 1 +tang a tang b. 

98, To demonstrate geometri- 
cally the fonnulse 
sin;> + sin (?= 2sin J(y + ?)eoa} 

iP — <l) 

sin y-— sin 5 = 2eos J (p + 3) sin 

i(p-q)- 

Take AB=p, A = ?, draw the 
chord B C, and the radius O D cut- 
ting the chord perpendicularly at its nilddlo point ; let fall 
on O A, the perpendiculars B P, C Q, D E, B P, and draw B Q 
parallel to A. Prom the construction we have 

BP=.sini,, Q=sin g, E P=^^ B G='2I^-^^^. 

AI>=i (p-f 2), DK = sinJ (p-|- </), OE = co3 J (p + q). 
BD^iip — q), BE = sinJ(p — y), OE = co3i(j) — ff). 
But the similar triangles 03)E, OEP, BGE, give 




P PRQA. 



EF 


03.; 


'"''oir 


EB 
OD' 


DExOB ,_„ OExBB 
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Snbati tuting for the different lines their values, doubling theae 
expressions, and making the radius O D = 1, wc obtain the 
required formula;. 

99. To demonstrate geometrically that the sum of the sines of 
two arcs is to the difference of these sines, as tlie tangent of half 
the sum of tJie two arcs is to the tangent of half the difference of 
the two arcs. 

Make the same construction as ^ 

in the preceding ; further, draw the 
tangent S T at the point D, and 
terminated in 8 and T, on the radii 
OA and OB produced: produce 
also BC to H. On account of the 
parallels, we have 

bf_eh:_ds 

BG~BB ~J)T 

Bat we have 2BF= sin ^ + ain q, 2BG- = sin ^ — sin g, 

I>S = tangJ (p + q), 1>T = tang rB = tang Hi'— {?)i hence 

sin p + Bin ^ _ t ang ^ (p + q) 

sinp — sin^ tang 4 (p — g) 




bich V 



s to have been demonstrated. 
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CHAPTER II. 
Tables. Solution op TRiAMGLEa. 
Construction of Trigonometrical Tables. 

100. To realize the advantage of substituting trigonomet- 
rical lines for the corresponding angles and area, we muat 
have some ready means of knowing tbo numerical values of 
these trigonometrical lines, when the angle or arc is given, 
and reciprocally. For this purpose tables are formed, in 
which the numerical values of the trigonometrical lines are 
written down opposite to the arcs to which they correspond. 
"We propose now to explain the manner of calculating the 
Dumerioal values of the sine, cosine, &c., for all arcs, differing 
from each other by 10". This is the law of variation in the 
arcs as calculated in the Tables of OaUet. 

"We begin by calculating the value of em 10". For this 
purpose, we remark that the I'atio of the circumference to 

the diameter is n= 3.14159 26535 89793 When the radius 

is taken for unity, the semi-circumforence is equal to n ; and 
since there are 648000 seconds in 180°, we shall have, in 
terms of the radius, 

arc 10"= jrT^ = 0,00004 84813 68110. {1} 

648000 ^ ' 

But, for a very small arc, the sine and arc are so nearly 
equal, we may consider the value just found for an are of 
Iff' as a near approximate value for the sin 10". To explain 
this and to show the degree of approximation made by sub- 
stituting the value of the arc of 10" for that of the sin 10", 
we shall demonstrate some preliminary principles. 

101. In the first place, wo shall prove, that in the first quad- 
rant, an arc is greater than its sine and less than its tangent. 
(53) 
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TRIGONOMETRICAL. TABLES. — SOLUTIONS. 

Xiefc A P be the sine of the arc A B, 
and AT ita tangont. E'ovolve the figure 
around O T, and suppose the point A falls 
on 0. Wo shall have arc A C> chord A C, 
and conscijueatly arc AB>AP; hence, 
the are is greater than the aiue. We have 
also arc AO<AT + OT; therefore, arc 
AE<AT; or, the arc is less than the tangent. 

From this, it follows that if ^ ^ differs very little from 

a ^^""^ 

1, the ratio of -: — will differ from it stiil loaa. 
sin a 
102. In the second place, it can be shown, that if an arc 
decreases to zero, the ratio of this arc to its sine wiU differ from 
unity by less than any assignable quantity; thai is, the limit of 
this ratio will be unity. 

The formula tane a^= , gives — . - .■■=—"- But, in 

'^ cos a ° urn a cos c. 

diminishing the arc a, (which is supposed to bc<^ 90°,) the 

cosine increases and may approach as near as wc please to 

unity : hence, the ratio — - , or its equal — r^ — '■ diminishes 
■' ' cos a' ^ Bin a 

continually, and has unity for its limit. 
The arc being > sine and < the tangent, the ratio —r- 



approach unity as near as wo please; honco, the ratio -^- 

Lae unity also for its Kmit. Hence, in taking the value of 
the arc of 10" for that of the sin 10", we have only done what 
tbia demonstration shows wo had the right to do, by way of 
a near approximation. 

103. To determine the degree of approximation, that we 
may reject useless decimals. We have sin a = 2sioj»cosi 

a. But the inequality tang J a > J « reduces to j~ 

> J a, and gives 2 sin J a > a coa 5 a; hence, sin a > a cos' J a. 
But C08'lffl = l — sin'Ja; therefore, cos'i «>1 — (J a)'jand 
hence, finally, 
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TRIGONOMETRY. 



Sin a > a — 



To apply the result to arc of 10", we shall have, from the 
Talae (1) when the 6th decimal figure is increased by 1, aro 
10" < 0.00005 ; hence, i (are 10")' < 0.00000 00000 00032. 
I'rom which we have 



«inir>arclO"-^i^^' 



> 0,00004 84813 68110 . 



0.00000 00000 00032, 

and sin 10" > 0,00004 84843 68078. 
We see that the sin 10" does not commence to differ from the 
are 10" until the 13th decimal ; and even then, the 13th deci- 
mal in the value of the arc is greater only by 1. Hence, we 
may take 

sill 10" = 0,00004 84813 681, 
and may he assured that the error is less than a unit of the 
13th order. Indeed, it is evident that the preceding value 
becomes too email if we take 1 from its last figure, and too 
large, if we add 1 to it, for then it would exceed the arc. 

Placing the value of sin 10" underthe radical ^^l — sin' 10", 
we find the value of coa 10" to bo 

cos 10" = 0,99999 99988 248. 
We may now readily determine the sines and cosines of 20", 
30", 40", &c., to 45°, by the aid of the known formulffl, 
sin (a + 6) = ein a cos b + cos a sin b 
cos (ffl + 6) = cos a coa b — sin a sin b. 
104, The following process which is borrowed from an 
English Geometrician, Thomas Simpson, gives the most rapid 
inode .of making the required calculations. 
The formulae, Art. 89, give 

sin (« + S) = 2 coa b sin a— sin (a—b) 

cos (a + b) = 2 cos b coa a — cos (a — li). 

We may regard the arcs a—b, a, a-f-b, as three conaecutive 

terms of an arithmetical progression whose common ratio ia 

h: hence, if we represent by (, f, (", these three terms, we 
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a 40" = 2 ^ sin 30"— sin 20" 
&c.| &e., &c. 



TRIGONOMETRICAL TABLES. — SOLUTIONS. 



COS f ' = 2 COS b coe f — cos t. 

The first formula shows that, having calculated the values 
of two consecutive sines, we will find the next sine follow- 
ing, by multiplying the last by 2 cos b, and the one before the 
list by — 1, and adding the two products together. The 
same applies to the cosines. 

Thus to find the values of the sines and cosines for all 
ires diftoiing from each other by 10" suecessively, we make 
6= 10 and representing by » and 3 the Itnown value of sin 
10' aoi cos 10", wc Shall have 
sin = cos 0=1 

1 10" = o cos 10" = 8 

cos 20" = 3 3 cos 10"— 1 
cos 30" = 2 a cos 20"— cos 10" 
eo3 4O" = 20 CO9 30"— eoa 20" 
&c., &c., &e. 

But since 2& differs very little from two units, the calcu- 
lation may be farther abridged. Designating' by k the 
difference 2—20, we shall have /i: = 0,00000 00023 504, and 
2^ = 2 — !c. Henco, the value of sin (" becomes 

and therefore, sin i"— sin ('= (sin C — sin t) — A sin f. 

When the difference sin (".— sin C has been calculated, we 
may determine the sin i!", by adding sin t' to this difference. 
But the last formula shows, that the difference sin (" — sin 
/f is equal to the difference sin (' — sin t (a difference already 
calculated before arriving at the arc (",) mirnts the product k 
sin t'. Hence, the only tedious operation, which is repeated 
for each sine, consists in mnltiplying the last sine by the 
constant number S=.0,00000 00023 504. But the operation 
may itself be abridged by forming in advance the products 

of 23504 by the natural nnmbei's 1, 2,3 to 9. We shall 

then have immediately the partial products which compose 
each product, such as k sin t, and it only remains to add 
them. By calculations, nearly similar, the values of the 
cosines are determined. 
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56 TRIGONOMETRY. 

In 80 long a series of operations, eiTOj'8 arc multiplieci, 
since it ia impoasible to preserve thirteen decimals exact 
throughout. To ascertain the degree of precision on which 
we must rely, we shall find,presently, by methods which give 
a certain approximation, the values of many sines and 
cosines; and thea the number of decimals common to those 
results aud those which are given by the calculation just 
explained, will indicate, with sufficient certainty, the deci- 
mals which may bo regarded as exact in the intermediate 
results. 

If we find that the approximation is insufficient, we select 
as the basis of calculation an arc less than 10", 1" for ex- 
ample, and recommence the operations. 

105, In practice it is more convenient to have the loga- 
rithms of the numbers corresponding to the trigonometri- 
cal lines rather than the trigonometrical lines themselves. 
But in supposing the radius to be unity, the sines and 
cosines will be fractions, and their logarithms will be nega- 
tive. To make these logarithms positive, we make t= 10", 
which is equivalent to dividing the radius into 10,00000000()' 
equal parts; and then the logarithms of the sinoa and cosines- 
will only be negative for angles which differ so little froms 
or 90°, that this difference may be neglected. 

It ia easy to transform all the results which have beea 
determined under the hypothesis of r= 1, to the conditioa 
r = 10'*, by multiplying them hj' 10", or by" adding 10 t& 
their logarithms. Indeed, when ?■ = 1, we find the ratio of 
the sines and cosines to the radius, and it is evident that if 
we divide the radius into in equal parts, we must multiply 
all of these ratios by m, to Itnow the number of parts con- 
tained in the sines and cosines. 

106. The logarithms of the tangents are made known by 

the formula tang a — — — , which gives 

° cos a ° 

log tang a = log sin a + (10 — log cos a) ; 

that is, we must add to the logarithm of the sine the arith- 
metical complement of the logarithm of the cosine. 

The logarithms of the cotangents are found by means of 
the relation tang a cot a = r*, which gives 



>v Google 



SOLUTION OF TRIANGLES. 57 

iog cot (i = 10 + (10 — log tang a). 
Some tables do not contain the cotangent, but this result 
shows tbat we may easily supply them by adding 10 to the 
arithmetical complement of the logarithm of the tangent. 

Hor do the tables usually contain secants and coseeanta, 
bat their logarithms aro readily calculated from those of tho 
einea and cosines. 

The Tables are not usually construetod heyond 45°. Por 
area greater than 45°, the logarithms of the sines and 
tangents, are obtained from tho cosines and cotangents of tha 
complement, and reciprocally. Thus, if a > 45", we shall 
have, sin a = coa {90° — a). 

The tables are so arranged as to avoid the nocesaity of 
calculating this complement. 

Cal-culation of Sines and Oosinesfor every Q°,to verify the Tables. 

107. To effect the verifications rofuiTcd to, Art. 104, w© 
propose now to calculate the sines and cosines for arcs 
varying by 9°, 

Lot sin 18°= a;; 2x will be tho chord of 36°, or the side 
of the regular inscribed decagon. But this side is equal to 
the greater segment of the radius, when it is divided into 
extreme and mean ratio : hence, the radius being 1, we have 
4a:'=lx a— 2a:}. 

Prom this we get 

and solving the equation, and neglecting the negative value 
of X as useless, we have 

X = sin 18°= cos 72°= i ( — 1 + -^W). 
With this value we readily find 



■^1 — a;'= cos 18== sin 72°= h\/ 10 + 2 ^^ft. 
Substituting these values of sin 18° and cos 18° for sin a and 
cos a in the formuite for sin 2 a and cos 2 a, Art. 77, we have 



= C0B54°=iV 10 — 2-/5 
aBin64°=i(l + -*^5) 
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68 TKIGONOMETEY. 

Substitviting now the same valuo of tbs ain 18° in the 
formulje which give the values of sin 5 a and cos J « in 
terms of the sine, Art. 81, we otitain 






Finally, if wo aulistitnte in the same formulic for sin a tlie 
value ain 54° = i (1 + v* 5), "we deduce 

sin 27''=co3 630=. jn/s + -/ "5— JV^— V &" 

cos27'' = ein 63° = itV 5+ ^^'5^- i V S — v'T. 
Further, remembering that sin 45°rr=cos 45'^=^v'2, we 
deduce the following table : 

sin O^Ros 900 = 

sin 9''=coh81°= iV S+'^F— i\/5— ^^5" 
Riiil8°=eos72°=^ (— 1 + ^/5) 

sin2r=coa 63'^= lV5 + -/r— i \/ 3_v/F 

sin36''=C03 Sr^iN/lO — 2'/5 

sin 45° = cos 45"= i •^2 

sin M" = cos SG" = i- (1 + v^ 5) 

fiin63''=cos27°=i\/ 5+v'5 + l\/3 — </& 

sin 72° = cos 18° = j\/lO + 2 ^/5 

8in81<5= cos9°=}\/ 3+s/F+j\/5 — v^'S 
sin 90°= -303 0°= 1. 

These expressions being very simple and involving only 
the square root, may be calculated decimally to any degree 
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of approximation desired. These aro the values which aro 
used to verify the calculations explained in Art. 114. 

By bisecting the arcs by the aid of the established formulfej 
we might deduce the values of sine and coeine of arcs of 
4° SC, and 2° 15', and the enceeseive multiplca of 2° IS* 
would supply new verifications. 

Arrangement and Manner of ■using the Tables of Callet. 

107. The Tables of CoiM are the best for the old division 
of the ciroamference, and thoec of Borda for the new or deci- 
■mal division. In tbe Tables of Callet three tables are espe- 
cially to be observed. The first contains the logarithms of 
numbers to 108000, and the application of this table has been 
explained in the introduction. The second contains the 
logarithms of the sines, tangent, and cosine for all ar<^, 
differing by one minute, according to the new division ; and 
the third contains the logarithms of the sine, cosine, tangent, 
and cotangent, for every 10", by the old division. Inas- 
much as the instruments used, and astronomical calcula- 
tions made are referred to the sexigesimal division of the 
circumference, the third table only will be referred to in this 
place 

108 This Table gives the logarithm of the sine and tan- 
gent foi every second up to 5°, and consequently the loga- 
rithms of the cosine and cotangent of all angles above 85°, 
and when the arcs are within these limits we find here tbe 
coi responding logarithms. Afterwards, we have the loga- 
rithms of the sine, cosine, tangent, and. cotangent for every 
10", These are written in the columns headed sine, cosine, 
&c. When the tang or cotang is greater than the radios, 
its logarithm exceeds 10. In the table the tens are sup- 
pressed, but we must not forget to restore it in practice. 

109. If we only consider the degrees which are at the 
head of each page, we might suppose that the tables only 
extended to 45°; but if we observe that the colamns marked 
at the top sin, cos, &o., are marked at the bottom cos, sin, &c., 
we see that by taking tbe degi-ees and titles at the bottom 
of each page, at the same time ascending the columns placed 
on the right for minutes and seconds, we shall find tho 
logarithms of sines and cosines from 45° to 90°. 
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60 TRIGOH'OMKTEY. 

From what lias been said, we find immediately 
L. ein 6° 32' 30"= 9,0568218 
L. cot 81" 46' 20"= 9,1601596. 
110. When the given angle contains seconds and fractions 
of a second, it is necessary to make use of the tabular dif- 
ferences, and to malie calculations similar to those which 
bave been explained in finding the logarithms of numbers. 
In doing this, the differences of log sin, log cos, &e., are 
regarded as proportional to those of the arcs ; and this pro- 
portion, although not altogether exact, gives nevertheless a 
Bufficient approximation. We remai'k that the same differ- 
ences are common to log tang and log cotang. 

The following examples are given for practice in the use 
of the Tables. 

1st. Find the log. sin 6° 32' 37", 8. 

log siE 6° 32' 30" (dif. 1836) 9,0566218 
log for 7" 1285.2 

log for 0.8 146.88 



log sin 6° 82' 87", 8 = 9,036765 

Id. Find the log cos 83° 27' 22", 2 

log cos 83= 27' 30" (dif. 18S6) 9,0566218 
log for —7" 1285.2 

log for —0.8 146.88 



log COS 83" 27' 


22", 2 = 9,0567650 


Find the log tang 


8" 13' 52", 76 


log taag 8° 13' 


50" (dif. 1486) 9,1603083 


log for 


2" 297.2 


log for 


0,7 104.02 


log for 


0,0S 8.91S 



log tang 8" 13' 52", 76 = 9,1603493 

4th. Find the log cot 81" 46' 17", 24 

log cot 81= 46' 10" (dif. 1486) 9,1603083 
log for — 2" 297.2 

log for ~ 0,7 104.02 

log for — 0,06 8.916 



log cot 81° 46' 7", 24 =9,1603493. 
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111. Let it now be required to determine the angle when 
■we know thy logarithm of a einOj a cosine, &c. 'XbuB, let 
log Bin X = 9,0567650, find x. 

The next less logarithm given in the tables for logarithma 
of sines is 9,0566318, and this logarithm corrcaponds to 6° 
32' 30". The diiferenee between this logarithm and the 
given logarithm is 1432, and the tabular difference, cor- 
responding to :0", is 1836. Hence, dividing 1432 by 1636, 
and adding the tenths o?ihe c^uotient as seconds, we find 7", 9. 
Therefore, the required arc is a; = 6=32' 37", 8. The follow- 
ing calculations will explain this example, and others of an- 
analogous character. 

1st. Find the angle corresponding to log sin 9,0567650. 
log Bin X = 9,0567650 

The next less log. 9,0566218 (tab. dif. 1836) 
60 32' 30" 
1st remainder 14320 7 

2d remainder 14680 0.8 



= 6° 32' 37", 8 



2d. Find the angle corresponding to log cos 9,0567650. 
log cos X = 9,0567650 
The next !og. 9,0568054 (tab. dif. 1836) 

83° 26' 20" 
1st remainder 4040 2 

2d remainder 3680 0.2 



X = 83° 27' 22", 2 

id. Find the angle corresponding to log tang 9,1603493. 
log tang X = 9,1603493 
For 9,1603083 (tab. dif. 1486) 

8° 13' 50" 
Ist remainder 4100 2 

2d remainder 11280 0.7 

3d remainder 8780 0.06 

a: = 8= 13' 52", 76 
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4th. Fiad the angle corresponding to log cot 9,1603493. 
log cot a: = 9,16034=93 
For 9,1604569 (tab. dif. 1486) 

81° 46' 0" 

iBt remainder 10760 7" 

2d remainder 2580 0.2 

3d remainder 6080 0.04 



= 81° 46' 7",24 



112. Tlio foi'muljB wliich contain sines, cosines, &c., assume 
almost always that the radina has been regarded aa unity. 
To apply the tables to them, two methoda may be uaed. 

The firet conaista in introducing the radius r in the for- 
mulss as in Art. 67, and then using the logarithms of the 
tables, always remembering that log r = 10. 

In the second process, we do not change the formulas, but 
we retain the hypothesis of r = 1, and subtract 10 from every 
logarithm tairen from the trigonometrical table. It answers 
to effect this subtraction on the characteristic only, which 
may, by this operation, become negative, but it is better to 
employ such logarithms as the tabic gives, and to take no 
account of the 10 until the end of the operation. This 
method of correction will be always easy, for, in the calou- 
lationa, the logarithms are always added or subtracted, and 
it ia evident that each additive logarithm will give one ten 
too much ill the result, while each subtractive logarithm will 
have one ten too little. 

113. The nse of the arithmetieal complement enables us to 
substitute addition for subtraction of logarithms, as has been 
heretofore explained. In this case, the ten which must be 
subtracted from this logarithm to reduce it to the hypotho- 
sis of r = 1, is compensated by that which we have to add in 
using the arithmetical complement. Besides, the error of a 
ten in a logarithm is so considerable, that it could not Ml to be 
noticed, For illustration, the following examples are given. 

Ist. Let a; = 419 X sin' 40°, hence, log a; = log 419 + 2 log 
sin 40°. Tailing log sin 40° from the tables, log a; contains 
two tons too much, which must be takeu from the result. 



>v Google 



SOLUTION OF TEIANGLES. 63 

log 419 = 2,6222140 

2 log sin 40° =19,6161350 

log X = 2,2383490 

If we wish to obtain x within yJ^, add 2 to tho character- 
istie, and we find 3;= 173,12. 

„.-.,. 314 X ain 30° 

2d.LetEm.r = ^ ^^^^^^,^ -, 

log sin X = log 314 — log 411 + log ein 30° — 2 log cos 15. 
Operating by the com pi emeu ts, the tw^o tens which must be 
taken from 2 Jog cos 15°, are compensated by the two tena 
for which we take the complements. The log sin 30° and 
the complement of the log 411 introduce two tens too much j 
but as the angle must be sought in the tables, we only take 
away one ten fi'om the result, its is shown below. The arith- 
metical complemente are designated by Lo'g. 

log .314= 2,49692965 

lo'g 411 7,38615818 

log sin 30° 9,6989700 
2 lo'g cos 15° 0,0301127 



logsina^= 9,(1121702 
This logarithm is prepared to suit the tables. We find 
X = 24° 10' 7". 

Resolution op Triangles. Relations between the Sidbs 
AKD Angt.es or A Plane Tkianqle. 

. 114. Hereafter we will designate the angles of a triangle 
by the large letters A,B,C, placed at their vertices, while the 
Bides opposite to these angles will ho respectively designated 
by the small letters a,h,c. If a triangle be right-angled, the 
letter A will always correspond to the right angle, and the 
letter a to the bypothoniise. 

115. The solution of all plane triangles depends upon the 
foHowing theorems which are here enunciated and demOD- 
strated. 
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116. Theorem I. In every right-angled -plane triangle^ each aide 
about the right angle is equal to the hypothenuse multiplied by the 
sine of the angle opposite to this side. 

Let ABO bo a triungle 
right-angled at A. From 
the point B as a centre, with 
any radius, describe the arc 
DB, and let fall the perpen- 
dicular E P. The sine of tha 
angle B ia the ratio of B P 
to the radiua B E (Art, 54). 




Trri= TTb" and we have - 



nB, 



CI) 



Tha similar triangles BOA, BEF, give 

AC_ EP . 

BC" 
hence, 6 = d e 

which -was to be proved. 

117. Tho angle B ia tha complement of the angle ;' hence, 
sin B = coa C, and wo conclude, that in every right-angled plane 
triangle, each side about the right angle is equal to the hypo- 
thenuse multiplied by tlie cosine of the adjacent angle. 

118. Theorem II. In every right-angled plane triangle, each 
side about the right angle is equal to tJie other side multiplied by 
the tangent of the angle opposite to the first side. 

Eor, in the triangle ABO, 
describe the arc DB, from B 
as a centre, and with any 
radius; erect DO- perpen- 
dicular to A B. Tho ratio of 
It G to B D ia the tangent of 
the angle B, (Art. 54.) But 
tho similar triangles give 




or - = tang 



therefore, 



5 = c tang B, (2) 

which was to be proved. 

. 119. We may deduce thia result directly from Theorem 1. 
Indeed, applying this theorem to each side b acd c, and ob- 
serving that ein C = coa B, wc have 

6 = a sin B and c = a coa B; 
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sB 



= tang B or 6 = c tang B, 



120. Theorem III. In every plane triangle the sides are prih 
portional to the sines of the opposite angles. 

Let A and B be any two angles of 
the triangle ABC. Let fall the 
pei'pendicular CD from the vertex 
C on the side AB. If the porpon- 
dieulai- falla within the triangle 
ABC, tho two right-angled tri- 
angles, A CD and B C D, will g 



C D = 5 sin A, and C D 
b sin A=^a ein 




hence, 

and we have 

If the perpendicular falls on 
the prolongation of B A, the tri- 
angle ACD gives CD = b sin 
CAD. But tho angle CAD be- 
ing the supplement of C A B, we 
Lave 

siECAD=8inCAB = Bin A, I) A C B 

and we have still tho same proportion before found. 

121, Theorem IV. In every plane triangle the square of either 
side is equal to the sum of the squares of the other two sides, minus 
twice twice the rectangle of these two sides, multiplied by the cosine 
of their included angle. That is, we have 

a'=6*+c'— 2 &ceo8 A. 

Let ABC be the given triangle; 
let fall tho perpendicular CD on 
AB. When the angle A ia acute, we 
have, from, a known theorem, 

CB'= AC' + AB'— 2 AB X AD, 
or, ^" = ^'-1-0= — 2cx AD, 
But the triangle ACD gives AD ' 
= b cos A, and substituting this value 
of AD, we have formula (4). 



(4) 
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When the angle A is obttisc, we hfivc 

a^=b-' + (i'—2cx AT) 

Avid the triangle AOD gives 
AD = 6 cos CAD. But CAD 
being the supplement of CAB 
OP A, we have coa CAD = — 
cos CAB = — cog A; henoo, 
AD = — 6 cos A; and snbstitut- 
_ _ _____^ ,^^ ^j^.^ value in tbat of a\ we 

have the equation before found. 
122. Theorem IV is sufficient of itself to solve every piano 
triangle. For, it is evident we have, for each fiido, the three 




b'+c'~2bccosA, 


(5) 


a'+c'— 2accosB, 


(«) 


a'+ b^—2abco3 C, 


(7) 



equations 



by which wo may always determine three of the six parts 
of a triangle, when the other three are known, except in the 
eases when the triangle is impossible, or when the three 
angles are given, 

123. Theorem III., since it expresses a relation between 
two sides and their opposite angles, must be a consequence 
from the three last equations. It may be deduced as follows: 
■' + c' — a\ 



The first equation givea cos A = 
sin' A = 1 — cos' A = ■ 



2,bc 



; hence. 



~(b' + e^—ay 



^' + 2h'c'- 



and consequently, 

sin A \/2a^b' -i- 2d- 



The other two equations 



^ive, in like manner, the ratios 
lay deduce them at once by 
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etanging, in the second member of the preceding equation, 
first « into b and b into a, and afterwards a into c and c into a. 
Since the second member is a symmetrical function of a, b, c, 
it wiil remain the same when the changes are made npon 
these letters, and we have therefore, in accordance with 
Theorem III., 



KESOLliTION OP ElGHT-AHGLED PLANE TkIANGLES. 

124. Mrst case. Saving given the hypothenuse a and an acute 
angle B, to find the angle G, and the two sides b and c. 

We have C = 90° — B. Wo may then determine b and 
by means of Theorem I., which gives 

Z> = a sin B, c = a cos B, 

The values of b and c, will of course be calculated by 
means of logarithms. 

125. Second case. The side b of the right angle, and the acute 
angle B being given, to find C, a and c. 

We have again = 90" — B. Theorem I. gives a, by the 

6 = a sin B, hence, a= -- ■^; , 
sm B 

and Theorem II. gives c, since we have 

c = 6 tang C, or c = 6 cot B., 

126. Third case. The hypothenuse a, and a side b, being 
given, to find the other side e, and the angles B and C. 

From the known property of the right-angled triangle, 
we have <f=a'' — b\ or c = y/{a + b) (a — 6), which makes 
known the value of c very readily by means of logarithma. 
We determine B by the relation b = a»m B (Art. 116), which 

gives sin B = -, and finally we have C = 90° — B. 

If we determine the angles first, we may still find c by 
the relation c= a sin C. 

127. Fmirth case. Having given the two sides b and c of the 
right angle, to find the hypothenuse a and the angles B and 0, 
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We first determiiie B, by the relation i = c tang E (Tbeo. 
II.), and this gives afterwards 0= 90° — B. The hypotho- 
nuae a is made known by the I'elation (Theo. I.) 6 = iz ein B. 

We (night find a directly from the formula a = -/ 6' + c". 
But sioco the binomial 6' +- c' cannot be decomposed into 
factors, it is not suitable foe logarithmic calculation, and it 
is better to find the angle B in the first place, and then make 
use of it to find a. 



Resolution of Oblique Plane Triangles. 

128 Cose I. Having given a side, a, and two angles of a tri- 
angle, to find the three other parts. 

If tho sum of the two given angles be taken from 180°, 
■we shall have the third angle. Tho sides b and c are then 
determined by Theorem III, by means of the proportions 

b sin B c Bin C 
a ~sin A' a sin A' 

129. Case II. Having given two sides, a and b, and the angle 
A opposite one of them, to find the side c and the two oilier angles 
B and G. 

The simplest solution is, to find first the angle B, opposite 

the side b, by the proportion -. — v- = — . 

The angles A and B being known, we have C = 180° — 

(A 4- B1 : and the side c is found by the relation — = -: — j-. 
^ ' . ■'■ a sin A 

130. This solution reotuirea aomo development. Tho first 
proportion makes known sin B, thus, 

and fi'om the tables we find for the value of E an acuta 
angle. But the same sine corresponds also to a supplemen- 
tary angle, which is obtuse: so that, calling M the angle of 
the tables, we shall have for B the two values B = M, 
B = 180° — M, which seem to indicate two triangles, and 
suggest tho following important observations. 
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Ist. When the known angle A is ob- 
tuse or a right angle, the two other 
angles must be acute; and in this case, 
we take B = M only ; and in order that 
the triangle may be possible, it is further 
necessary that we have a>&. Thiscon- 
dition is sufiident- 

j) 2d. When A is acute 

and a> l>, we mnet have 
A > B, and it is still 
necessary to reject tho 
valn6ofB = 180''— M. 
In this case tho tri- 
angle is always pos- 
sible. 
Sd. Bat when we have A acute 
and a < 6, we may take E in- 
differently equal to M, or to 
180°— M. For, let the angle 
BAC = A, and AG = b; the 
circle described from C as a cen- 
tre and with a radius a will, in 
certain eases, cut AB in two 
points, B and B'; and we shall then have two triangles ACB, 
ACB', which will be constructed with the given parta, aiid 
in which tho angles ABC, A B' C are supplements of each 
other. The condition for two solutions is, that tho side a 
which is supposed less than b, be greater than the perpou- 
dienlar C I) let fall on A B. If tho side a is equal to C D, the 
circle is tangent to AB, and the two solntions reduce to a 
single right-angled triangle ACI>. Finally, if the sido 
a;<CD, the triangles are impossible; and we will now show 
that this impossibility is indicated by the value of the sin B. 
The right-angled triangle A OB gives CD = 6 sin A. But, 
by the hypothesis, a < C D. Hence, we have 




a<bB 



I A, and- 



sinA 



>1; henco, sin B>1. 



'Xbas, the value of sin B is greater than unity; but no sine 
is greater than unity, hence the triangle is impossible. 
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131. We have iindcrtakcii to find tlio side c after deter- 
miniug the angle B. We may, however, find c at oneo, 
when a, b, and A are given; for, by Theo. IT., we have 
a'=6'4-c= — 26ceosA; hence, 

c' — 2 6 cos A.c = a? — 6'. 

This equation is of the second degree, and gives 
c = 6 COS A ± ■Ja'—'b^ + 6' cos^ A. = 6 eoa A ± •/ cC' — 6'' sin' A. 

Sin'je tbe side of a triangle must always be a real and 
positive quantity, wo have only to inquire what relatJona 
between a, b, A, will give for c one or two values which fulfil 
these conditions : and this inquiry may be made by the 
student without any difficulty. 

132. The preceding values of c being inooovenient for 
logarithmic calculations, are of no use in trigonometry. 
Still, as we eometimes meet with like expressions, wo will 
here explain the transfer mat ions adopted by astronomers to 
facilitate the use of such results. 

Placing these values under the form 



e=6co9 A±av/l_^!_Zi!i_^ 

As these values are supposed to be real, the quantity 
— — — is leas than 1, and wc may consider it as the sine of 
an angle *, which we may determine in placing 
6 sin A 

We have then 

a ein * . /^ b^ dn' A , ,, 

b= -, \/ 1 — ■ ■■ -: =co9*; and consequently, 

sin A ' V . a' 

a (sin If cos A ± sin A cos f) __ci sin (f rfc A) 

sin A ~ sin A ' 

results which may lie readily calculated by logarithms. 

This solution exactly corresponds with the first, for the 

auxiliary angle $ is no other than the angle B. 

133. Oase III. Saving given in a triangle the two sides a and 

b and the included angle 0. to find the side c, and the angles A 

and B. 
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By Theorem III., wo have ^= ^!" ^ . Tbie proportion 

contains two unknown quantities A and B : but we may 
deduce from it, in the first place, 

a+b _ sin A + s in B 
a — b ~sinA— eitTB"' 
And we know, further, that 

sin A + sin B tang^(A + B ) 
sin A — Bin B~ t»ngJ(A — E) 
Therefore, 

a+J, __ tang j (A. + E ) 
a— 6 tang i (A — B) ^' 

which shows tliat, in any triangle, the sum of two sides is to 
their difference as the tangent of half the sum of the angles oppo- 
site to those sides is to the tangent of Mlf their difference. 

Wohave A + B=180° — C; henee 3-(-^ + B) = 90° — JO: 
therefore, the three first terms of the above proportion 
are known, and we may find from them the value of 
i(A — B). Knowing now the valaee of the half sum and 
lialf difference of the angles A and B, each may be deter- 
mined; for, by «rf(^i"»p' the half sam to the haif difference, we 
obtain the greater angle, and by subtracting the half differ- 
ence from the half sum we got the less angle. Thus, 

,^^ A + E ^ A — B j^j^^j j5 = -i+-*--=-^ 

A and B being found, we obtain the side c, by the proportion 
c sin 

^^s-ETa (^) 

i34. This proportion requires that we find three now 
lo^^arithms, viz.: those of a, sin A, sin C. We may abridge 
the calculation by the following process ; 

sin A BinB sin C , , , 

Bii.t^ we have = — - — = ; we must also have 

Bin A -1- ein B a + b . (a + h) ain C 

em U c em A -f ein B 
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72 TRIGONOMETRY, 

By known forniulis we liave 

sin A + sin B=:2 sin H-A- + B) eosi(A — B) 
EiiiC = 2 8in JCtiOsiC. 
And we have also, sin J (A + B} = sin (90" — J C) = cos S 0. 
Substituting these values in c, and making the Jieeeser,ry 
reductions, wo have 

(a + h) sin ^ C 
cos J (A — B) 

Since the logai-ithm of (a + 6) is already known, this value 
of c may be used in preference to that given by the propor- 
tion (2), and we thus save the calcidation of one logarithm. 
135. We have determined the value of c after finding those 
of A and B. To find c directly, we make use of 'rheorom 
IV., which gives 

c = Va' + 6" — 'iab cos C. ■ 
But inasmuch as logarithms cannot readily be applied to this 
furmala, we make use of an auxiliary angle. 

We have cos' J C + ein' J C = 1, and cos' \ — ein' J C =s 
COS 0, Hence 
c = -/(Q^+fc') tcosHC + einHC)— 2(ti) (cos^C— Hin'iC) 



= V (a 4- by sin' \Q-^{a — hf cos" 4 C. 

Since the magnitude of a tangent is unlimited, we will 
make 

(a — 6) cot JO 
tang ^. = Jj^ . 

Then the radical becomes 

._ / — iiH> , 

■J\ -t- tans' fl. = \/ 1 + —^ = J- 

' COS 41 

Thue, wo will find successively the auxiliary angle ^ and 
the side c by means of two formula whieh may bo readily 
calculated by thetables. 
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This solution differs from the preceding only in appear- 
ance : for, tang J (A + B) being equal to cot ^ C, tlie value 
of tang^ is identical with that of tang J (A — B) deduced 
from equation (1), and hence tlie last value of c is found also 
to be identical with the formula (3). 

136. In practice, it often happens that the sides are known 
by their logarithms. Lot ue soppoee that the sidea a and b 
are thus known, and that, further, C is given, and that A 
and B are the only quantities to be determined. To find } 
(A — B). by means of the propoi-tion (1), it would first be 
necessary to find a and b in the tables; bat this may be 
avoided by making use of an anxiiiary angle. 

Let 4. be this auxiliary angle, given by the assumed rela- 
tion tang ^= -. Wo have, from known formula;, 

tan? (45' —4)= tang 45" — tang -^ _ 1 — tangj. 
^ 1 + tang 45° tang 4- 1 + tang ^r 

Substituting for tang 4 its value, we have 

Bat we have, Art. 183, 

Hence, 

tang i (A — B) =3 tang (45°—+) tang J (A + B). 

And since -i- ia known, we readily find J(A — B). By this 
process we have two logarithms less to calculate than if we 
had determined the sides a and b. 

137. Case IT. Saving given the three sides a, b, c, to find the 
three angles. 

By Theorem IV. we have a'=b' ■]-e' — 2 i c cos A ; hence 
J2 4. c^ — a» 



sA^- 



2 bo 



In like manner, we may determine B and C. But it is 
necessary to find a formula more suitable for logarithraio 
calculations. 



>v Google 



74 TRIGONOMETRY. 

Art. 78 gives tlio foi'iaula 2 sin' J A = 1 — cos A, and sub- 
stituting in it the value of cos A, we have Buccessivcly 

_ a<-(b-c)'_ (g+i-c) (a-b + e) 



V ioc 

To simplify this formula, make the perimeter a + l> + c=:2s, 
we deduce a-i-b — c= 2s — 2c=2(s — c), andu — 6-i-c = 
2s — 2b = 2(s~b); 

hence, sin ^ A = ^ As — 6) (^' — c) 

V be 

From which wo form the following important rule, that the 
sine of half an angle of a plane tiangle is equal to the square root 
of half the sum of the three sides minus one of tlie adjacent sides, 
multiplied hy the half sum of the three sides minus the other 
adjacent side, divided by the rectangle of the adjacent sides. 

Although the angle J A is determined by its sine, there is 
no ambiguity in the result, because A being an angle of a 
triangle, we must always have A <180'', and J A <90'. 

138. We may determine with equal facility the formulre 
which determinecosiAandtangJA. Beauming the known 
relation 2coaH-A. = 1 -[- eosA, we dednce, by eirallar trans- 
formations to those just employed, 



3 JA 



=V^ 



(s-ffl) 



If we divide the value of sin ^ A, by that of cos J A, we 
find for tang i A, 

i»giA=./SEEIE3 

' V s(,-„) 

139. We know that it is not always possible to form a 

triangle with three sides taken at will. Thia impossibility 

is indicated by the calculation. For, if we make nae of the 

formula 



V 6c 
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when the triangle is possible, this expveasion must give a 
real value for Rin i A, whieh must be lees than 1, But if the 
triangle is impossible, this formula will lead to an imaginary 
value for sin J A, or to avalue > 1. In order that the impos- 
eibility shall exist, it is necessary that one side be greater 
than the sum of the other two : let ua now examine the results 
which the formula gives under this condition. 

lat. Let 6>tt.f e : we shall have 2/)>a + 6 + c: hence 
2&>2s and s — 6<0. But, further, wo have plainly 
<x+ 6> c, hence a + b + c or 2s will be >2c, and s — c>0. 
Thus, the value of ain J A is imaginary. 

2d. Let c.>fl + J: then we shall have s — c<0, and 
s — 6> 0, and sin i A will be imaginary. 

3d. Leta>6 + (;; we Bhallhavea + & + c or2s>26 + 2c-. 
hence, s':>b + c, and s — b>c, s — c>6, and (s — 6) (s — c) 
>iic: coneequently the value of sin J A would be greater 
than 1, whieh would be impossible for any angle. 



Application to E: 

140. Extended trigonometrical operations require the use of 
various inatruments, which it is not proposed to describe iu 
this treatise. A few remarks will suffice to make intelligible 
the several examples which are proposed for solution. 

To trace a right line upon the ground — stakes are used, 
and they are placed from point to point, at convenient dis- 
tances, and so located that when the eye rests on the first 
stake, all the others will be covered by it. 

An angle is traced on paper by means of an instrument 
called a, protractor. This is a semi-eircla divided into degrees 
and parts of degrees. 

There are many different kinds of instruments used for 
me^uring angles cither on the ground, or in space. The 
chief of those are the compass, the theodolite, the graphometer, 
&c. In general, they consist of a circle, or sector of a circle, 
on which is marked a fixed radius, which serves as an origin 
for the subdivisions, whilst a second radius movable around 
the centre, may take any position. The plane of the eircla 
may itself turn around its centre. To measure the angla 
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included between two right lines which connect a given 
point with two othei- points, place the centre of the instru- 
ment at the flrHt point, and direct the two radii upon the 
other two points; then read on the gi-aduated circumference 
the number of degrees included between 
the radii, and this will be the required 
angle. 

141. Example I. In a triangle ABC, 
right-angled at A, we have given a = 1785, 
395 yds. B = 59° 37' 42", it is required to 
findC, b, c, (124). Subtracting B from 
90°, wo have the angle C = 90° — 59= 

37' 42" = 30° 22' 18". We have now to 

^ find the sides b and c. 




Calculation of side 1>. 

log sin 59" 87' 42" 9,9358919 
log 1785,395 3,2517343 



log b 3,1876262 

b = 1540,374 yards. 



Calculation of side c. 

c = a cos B 

log COB 59° 37' 42" 9,7038132 

log 1785,395 3,2517343 



log c 2,9555475 

e = 902,708 yards. 



142. JExAMPLB II. In a triangle ABC, we have given the 
side a = 2597,843 yards, the side h = 3084,327 yards, and the 
angle A = 56" 12' 47", 

it is required to find B, C, and c. 
Calculation for angle B. 



log sin 56° 12' 47" 9,9196592 
log 3084,327 3,4891604 

log 2597,845 (SO 6, 



log sin B 
Ist solution : ] 



9,9942064 
= 80° 39' 43" 



In 1st soltition B i 
In 2d solution E 



two solutions. 

39' 43" 



2d solution .- B = 99" 20' 17" 
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Calculation for angle C. 




CalcuUtion for angle 0. 
C=180° — A — B 


180° 




180° 


A = 56= 12' 47" 
B = 80° 39' 43" 




A =56° 12' 47" 
E = 99° 20' 17" 


C = 43° T 30" 


C = 24° 26' 56" 


Tojind the side G. 
c siiiC 
a ~ sin A' 




To find the side C. 
c sin C 
a~BmA* 


log 2597,845 ■ 3,4146132 
log siti 43= 7' 30" 9,8347972 
logfiin 56° 12' 47"A.C.O,08O3408 


log 2597,845 3,4146132 
logsin24°26'56" 9,6168759 
logsiii 56° 12' 47"A.C.0,0803408 


log c 3,3297512 


K 


c 3,11182899 


c= 2136,737 yards. 


c = 


= 1293,689 yards. 



143. Example III. Saving measured the distances a and b 
of ti£ point C from two hnoym points A and B, to find the 
points C. 

If the triangle A B C is 
email, wo may describe two 
arcs of circles f-om the 
points A atid B as centres, 
with the given distances as 
radii. But the operation be- 
comes impracticable when 
the distances are consider- _ 
able. In this ci^e, we mea- A. C U 

sure the distance AE, which will enable ws, knowing the 
three sides of the triangle ABC, to calculate the angle A, 
(Art. 137.) The direction of the side AC is thus determined, 
and it only remains to lay off, on this direction, tlie given 
distance A C = 5, and tho point C is made known. 

Let a =. 9459,31 yards, b = 8032,29 yards, c == 8242,58, we 
shall have 2s = 25734,18, s=12867,09, s — & = 48S4,80, 
g^/i = 4&24,51. 




sin i A I 



v 



be 
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log (s — b) 3,6843785 

]og(3 — c) 3,6850657 

iog b (Ar. Comp.) 6,0951606 

logc(Ar. Comp.) 6,0 



144. Example 1Y, 
of wJiich is accessible. 



log Bin i A 19,5285416 
log ein J A 9,7642708 

J A = 35° 31' 47" 
A = 71° S'34" 

To find the hdght A B of a tower., the base 



Lay off Oil the ground, 
supposed level, a base line 
B C, from the foot of the 
tower. Place tho insfcra- 
raent at Cj and roeaBuro 
the angle EDA formed 
by I> A with the horizon- 
tal line DE parallel to 
CB. Then, in the right- 
■•> 1- angled trianglo AED, we 

fenow the eide J> E, and the angle D, and we may calculate 
AB. Adding CD to A E, we have the height required. 

Let C D = 1,10 yard, D E = fil,28 yards, T> = 41° 31' 25", 
we shall have 

A E = 61,28 X tang 41° 31' 26" 
log tang 41" 31' 25" 9,9471690 



ODD 

ODD 
lELO 




log 61,28 


AB 


1,7873188 


logAB 
AE = 54,261 yards 


1,7344878 
= 55,361 yai-ds. 

When tho base of tho 


b 


tower ia inaccessible, aa 
when A B is the eleva- 
tion of a hill above tho 
surrounding ground, tho 
foot of the perpendicu- 
lar is unknown, and wo 
are therefore unable to 






measure the distance B 




V 


0. Wc may, neverthe- 
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less, measure the angle ADE; for, withoiit seeing the line 
AB, it. is still possible to make the plane of the circle with 
which the angles are measured, to pass through the vertical 
A B. Moreover, we will determine AD, as will be explained 
in the following example; and then knowing the hypothe- 
nuse A D and the angle D, we may find A E. 

146. ExAMPiB T. Find the 
distance of an observer, situated 
at A, from a point P, wMch is 
inaccessible, but which can be 
seen by the observer. 

Measaro a base AB, and 
the angles PAB, PBA, we 
may then readily determine 
AP. :SL-. 

Let A B = 247,49 yards, -*" ■** 

A =62° 41', 3 = 59=42'. We deduce at once the angle 

P = 57° 37' ; and then calcnlate A P, as follows. 

A P _ sin B 

AB ~ S^F' 

logAE 2,3935577 

log sin B 9,9362098 

log sin P (Ar. Comp.) 0,0734087 

log A P 2,4031762 

AP = 253,032 yards. 

146. Example VI. To find the distance P Q, between two 

inaccessible points, which may be seen by the observer. 

Measure the base line A B, and the angles BAP, B A 0, 
ABP, ABQ; we may then determine, as above, the side 
A P of the triangle ABQ 



, the angle PAQ 
is known ; for, if the loui 
points A,B, P. Q, aic m 
the same piane, we ha\e 
PAQ=BAP— BAQ 
and in every case we 
may determine that angle 
by direct measureraent 
Thus,in the triangle PAQ 
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we shall know two sides and the included angle, and n 
readily determine the side P Q. 

Let A B = 345,29 yards, B A P = 69' 26', B A Q = 44° 31', 
PAQ = 25°41', ABP = 48'' 15', ABQ = 102° 14'. Wo de- 
duce directly APB = 620 19', AQB = 33° 15', 
calculate A P and A Q aa follows : 



3 may 



3 may 



iBt. To find k2. 

A/P _ sin A BI^ 

A 15 ~ sin iP B 

logAB 2,5381840 

logsinABP 9,8727722 

logsioAPB(A.C.) 0,0627973 



log A P 2,4637535 

AP== 290,907 yards. 

3d. To find the angles V and Q,. 
Let AQ=p, AP = 5, APQ 
=P,AQP=Q. We shall have 
p-f-y=: 906,361, p— 5=324,547. 
f(P + Q) = 77° 9' 30": then, 
we may place 



p + g_ tang^(P + q 



2d. To find A fi. 
AQ_ s inAB Q 
AB BiiiAQE 
logAB 2,5381840 

logainABQ 9,9900247 

logsinAQB(A.C.) 0,2609871 



logAQ 2,7891953 

AQ = 615,454 yards. 

4th. TofindVq. 

FQ_ BinPAQ 

2 sinQ ■ 

og5 2,4637535 

agsinPAQ 9,6368859 

3g sin Q (Ar. Comp,) 0,4735196 



logPQ 2,5741590 

" tang^(P— Q) P Q = 375,110 yards. 



IogtangJ(r + Q) 10,6421427 
iOS(p—9y 2,5112776 

fog(P+9)(-Ar.Com.) 7,0426988 



logtangj (P— Q) 10,1981191 
1(P_Q) = 57°31'6" 
P = 134° 40' 36" Q = 19''88'34". 
147. AnotJter solution. "We have obtained the distances AP 
and AQ, by passing through their logarithms. We may 
avoid this, by using the auxiliary angle 4, as indicated in 
Art. 136. Thou, having found log AP, and log AQ, we 
obtain the angles P and Q, as follows; 
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To find .i. 
AP 



log A 1' 2,4637535 

log A Q, (Ar. Comp,) 7,2108042 



To find P and Q. 
tangHP-Q)=taiigJ(P+Q) 
+ tang (45°— V) 
log tang i (P + Q) 10,6421427 
log tang (45°— 4.) 9,5539790 



log tang 4. 



45°. 



9,674557'; 
25° 17' 50", 
+ =19° 42' 5" 



logtaiigi(P — Q) 10,1961217 
^(P — Q) = 57°3r 6". 



The remaiiidor of the solution ie determined as above. 

148. Example VII. Three points, A,B,C, are situated on 
level ground. It is required to find the point M, from which ike 
distances A B and A C! are seen under known angles. 

From tlio euuncia- 
tioii.AMBaiid AMO 
are known. On A B, 
describe a segment of 
a circle capable of eon- ; 



taini 



the 




AMB, and on AC, a '' ^' '• ^ ' -^ 

segment tbat will con- \ /^ — ' 

tain the angle A Jt C : "■'•-._ _,^--' 

theso arcs will inter- 

sect each other in A and M, and the point M will be deter- 
mined. But this construction being impracticable on the 
ground, we may obtain, by calculation, the angle BAM, and 
the distance AM. The following method by which we find 
first the angles ABM and A M, seems to be the simplest. 

Make the given parts AB=:(i, AC = 5, BAC=A, 
AMB = o, AMC=t3; and let the unknown parts be repre- 
eented as follows, A B M = .-c, A C M = y. 

In the quadrilateral A B M C wo have 

x + y = 3C0° — (A -)-»-}- 3) 

thus the snm of the angles x and 1/ in known. Let us now 
find their difference. The triangles ABM and A M give 
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Placing tiie values of AM drawn from these two propoiv 
tions equal, we have 



Placing a' = — r- — , the quantity a' may be readily ealcn- 
iated by logarithms. Hence, wo have 



b sina; .h + a' sma:+s 

— = -: — , from which we get ; , = —. — 

a amy " b~a' 8ma;_-s 

and therefore, 



_ tang Hx + y) 

~ tang ^ (X — y) 
Since cc + y ia known, we shall have the difTcrenco x — y, 
by thia last equation, and we may determine x and y. We 
may tben find the angle B AM = 180° — (a + a;), and the 
distance AM will be made known bj' one of the propor- 
tions (_1). 

EeLATIOSS BETWEEiY TliE ANGLES AND SiDES OS SpiIEalCAL 

149. Fundamental Formula. The parts of a spherical tri- 
angle, traced on the surface of a given sphere, are known, 
when wo know the number of degreea which each of them 
contains. The eolation of questions relating to spherical tri- 
angles depends then npon the relations which exist between 
the number of degrees, or, in other words, between the cor- 
responding trigonometrical numbera, sine, cosine, &c. Conse- 
qaently, we propose, in the flrat place, to establish the formula 
■which connects any angle whatever with the three sides of 
the given triangle, and we will afterwards show how wo may 
deduce from this formula the solution of ail oases which may 
be presented in spherical triangles. Angles will always be 
designated by the large letters 
O A, B, 0, and the opposite sides 

\X^^ ■"" V. B ^y *'^^ small letters a, 6,c. 

\, "'■•.. A ^,.-'7. Let O be the centre of the 

\ / \ ,.■■'''' : sphere on M'hich is situated tho 

'\ /.>''\-o '■ trian2;le ABC; draw the radii 

'■■■-Ci-^'' ® / O A, ^O B, O C : erect on A 

-* "" '-''.J^ the porpendicalars AD and AE, 
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one in the plane OAB, tlie other in the plane O A C, and 
let them meet in D and E the prolongation of the radii 
O E and 0. The angle D A E is equal to the angle A of 
the spherical triangle; and taking OA for nnity, we have 
AD = tang c, OD = seec, AE = tang&, OE = sec*. 
The triangles DAE, DOE give 

'AD'+XE' — 2AD X AE.co8A = D"l' 

OD' + OE' — 20D X OE.coa a =DE' 

Taking the first equation from the second, and observing 

that "OD' — AD' = 'OE'— AE'=1; and substituting for 

thelines their trigonometrical designations, and dividing by- 

2, we have 

1 — sec b see c cos a + tang h tang c cos A = 0. 

But sec J = — —, , tane:ii=— — ;, 8ecc=- — — , taDec = 
cos 6' ° cosD coae ° 

-■; wo have therefore, 

cos a sin b sin c cos A _ 

cos b cos G cos b cos c ~ 

Getting rid of the denominator, and transposing cos d to 
the first member, we have 

cos a ^ cos b COS e -\- sin b sin c cos A, (1) 
toMch is the fundamental formula of spherical Trigonometry. 

150. In the figure the aides b and c are less than 90", but 
it is easy to see this formula (I) is general. Suppose one 
of the Bides, as 6 or AC, exceeds 90°. ^ 

Complete the semi -circumferences CAC, 
CBC, forming thus the triangle ABC, 
in which the sides a' and I/, or BO' and 
AC, are supplements of a and b, and 
the angle's AC is the supplement of A. p---" _/ 

Since the sides b' and c are less than "■■ -a- 

aO° the formula (1) is applicable to the triangle ABC, and 
gives 

cos a' = cos 6' C03C+ sin b' sine coaBAC. 

Enta' = 180° — (J, ;/ = 180° — 6, BAO'=180=~A. Sub- 
stituting these values, and changing the signs of both 
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memOcrs, we reproduce fbrmulii (1), honee it applies to cases 
in which b > 90". 

If tlie two sides b and c exceed 90°, produce tliem until 

they meet in A' and form the triangle B C A', in which the 

, angle A' ia equal to A, and the 

, ,,■'] sides b' and e" are equal to the sup- 

y /q plements of b and c, ■ Formula (I) 

Cx' / applied to this triangle must hold 

good when 180° — 6 and 180° — c 

are substituted for b and c. But 

these substitutions produce no 

change in this formula, and it is again verified. 

Finally, we may verify the formula in tJie case in which 
J=fro° and c=90°, either separately or together. But 
sfnce ^tXo KFriiuH^ trne for values of ii an d c yyy n ear 90^ 
the formula must hold good in t he se par trc''ufSr''c,a§.e^r "" 

151. If the angle A = 90'': we have co3A=0, and the 
general formula becomes cos a = cos b cos c, that ia, in a 
right-angled spherical triangle, the cosine of tlie kypotlten-ase is 
eqital to the product of the cosines of the two sides containing the 
right angle. 

162. We may apply formula (1) to each of the sides of the 
triangle, and we shall thus have three equations by means 
of which we may always determine any three parts of a 
spherical triangle when the other three parts are known. 
But in practice, it is necessary to have, separately, the 
various relations which exist between four parts of the 
triangle, taken in every possible combination. There are 
only altogether four distinct combinations — and wo propose 
to examine these successively. 

153. 1st, lielations between the three sides and an angle. For- 
mula (1) gives, by permutation of the letters, the following 
relations: 

cos a m cos b cos e + sin 6 sin c cos A (1) 
cos b = cos a cos c + sin a sin c coa B (2) 
cos e = cos a cos b + sina sin b cos (3) 
To calculate A, for example, by means of the three aides, 
we make use oi" the first equation, and we draw from it 
_ cosg — cos b coijc 
~ sin b sin c 
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Then, -with this value, we find fl'om it others better 
adapted to logai-ithnis, by obtaining; the vSues of sin J A, 
cos^ A, tang J A, as we have done in plane triangles. Let 
U8 take the formula 2 siti'^ A = 1 — cos A, and substitute for 
cos A, the value deduced above. "VVe have 

sin 6 sin c sini sine. 

In the known formula cos 5 — eosp = 2ein5 (p + q) sin J 
(p — q), mak6^= a, q=b — c; we have cos {b — c) — cos 
=:2sitti ((7 + &™<i) sinj (a_i) + c); hence, 



Bin J A = V / ^\'^H"■ + b-c) ^i»Ho-b + c^ 
V ein b sin c. 

Ifwe take the formula 2 COS iA= 1 + cos A, we shall find, 
by a like operation, the value of cos J A, 



>a^A= \/i: 



,i{a + b + e)&m)s {b-\-c-" a) 
sin b sin c. 



Then, knowing the valuca of sin J A and cos J A, we may 
dednce tang} A. 

Place a + 6 + c = 2s, we shall have a + 6 — c= 2 (s — e), 
(i_ fi 4, c = 2 (s — 5), ii + c — tt = 2 (s — a), and the three for- 
mnlie may be written, 

cos§ A= 4 /_ 
tangJA=\/. 

By a simple change in the letters, we may deduce analo- 
gous formula for J B and J 0, 

154. It is shown in geometry that the sum of the three 
eides of a spherical triangle is less than a circuna fere nee of a 
great circle. Calling a the diifei-ence, we shall have s= 180° 
— JS, s — a= 180° — (a + is), &e.; and since the sine of an 
arc is equal to the sine of its supplement, we may givo the 
preceding formulfe in the following form : 



'sin(s — 6)8in(i 


f — c) 


am b sin e 




'sins sin (s — 0) 




sin b sin c 




'ein (s — b) sin (t 


■—c) 



sins sin (s — «) 
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.in i A = \ /j!iUMlMi!i(i+i') 

V sin b ain c 

V sin b sin c 



tani;-|A=. / sin (6 + j^) .in (.+ ja ) 
'^^ V ain^S 8:n(«4-^a) 
155. 2d. Mdation between two sides and the two opposite 
angles. 

To find that which corresponds to the combination a, b, 
A,B, it is necessary to eliminate c between (1) and (2), 
Tbe method which at once presents itself, is to deduce the 
values of sine and cose, and substitute them in equation 
Biii'c-i-C09c' = l. But the following process, analogous to 
that adopted Art. 123, is the moat simple. 
Equation (1) gives 

cosa — C08& cose 

cos A = r— / ■ ; ■ 

em b sin c 

Hence, wo have 

(cos a — COS 6 cos cV 

sjn'A = l — eoa'A= 1 — . ,, ■ ^ 

sin' 6 sin'c 





(1- 


-cos' 


=;,)(! —COS 


i'c)— (eosa- 


■ cosJi 


soac)' 


1— eoe 


i^rt- 


-cos 


sin ^6 


+ 3 cos rt cos b 


cose 




Therefore, 






sin =6 ein" 


■0 






Bin A /I 


— e( 


>s'a- 


_C09^6 — < 


■Ms'c + 2cosa 


cosi I 


:osc 


5in a V 






Sinai 


31 ni Bine 







There is no ambiguity here in the sign of the radical, 
inasmuch as the angles and sides being less than 90°, their 
sines will be positive. 

Since the second member remains constant when we 
change A and a into E and b, and reciprocally, or into C 
and c, and tho reverse, we coneladei that 



'. sin& 



■4^- m 



nee, in any ^herical triangle, the sines of the angles are 
te to the sines of the opposite sides. 
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156. 3d. Relation between two sides, tlw angle included hy 
them, and the angle opposite one of them. 

Considering the combination a, 6, A, 0, eliminate cos c, be- 
tween (1) and (3), and we have 

COS a = COS a coa'6 + cos 6 sin a sind cos + sin t sine cos A. 
Transposing cosa coa'fi, observing that cosa — coaacoe'fi 
'EiCOsa sin' 6, and dividing by sin 6 ein ffl, we havo 

cos a sin 6 , „ , sine cos A 
-—. = cos COS C H ; 



cot a sin 6 = cos J cos C + ein C cot A. 
By mating the different permutations in the letters, wo 
may deduce tho following six equations : 

cot a sin 6 = coa 6 cos C + sin eot A (5) 
cot 6 sin a = cos a coa C + ain C cot B (6) 
cot a sin = coa c COS E + ain B cot A (7) 
cot c sin (I = coa a coa B + sin B cot C (8) 
cot & sin c = coa c coa A + sin A cot B (9) 
cot c sin i = coa b coa A + sin A cot C. (10) 
157, 4th. Melation letween a side and tite three angles. This 
is the last relation to be determined. Eliminate b and c, 
between tho equations (1), (2), and (3). For this purpose, 
anbetitute in equation (1) the value of coa c deduced from 
(3), and their reaulta : 

coa a ain 6 , „ sin e cos A 

^_-^ = eoB b cos G 4 — ; — — — - 

sin a em a 

and this relation, by means of the equations 
sin 6 ^ sin B sin c __ sin 

aina ~ sin A &\na~ sin A 

becomes cos « sin B = cos b ain A cos B 4- cos A sin C 

Performing the same operations on equation (2), or rather 
changing, in this last equation, a and A into b and E, and 
in'ce versa, we have 

cos S sin A = coa a sin B cos + cos B ain C 
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We have now only to eliminate eoa b between the two la&t 
equations. Thia gives us, after malting theneceaaary rodue- 
tioDS, the required relation between A, 3i, C and a ; and if 
we apply this relation to eaob of the three anglea in suo- 
oeasion, we deduce tho three following equations : 

cos A = — cos B coa C + ain B ain cos a (11) 
ooa B = — cos A cos C -j- ain A ain coa 6 (12) 
C03 0t= — cos A coaB + sin A ainB cose (13) 

158. It ia easy to expreas ain^a, cos^a, tang^«, in func- 
tions of the angles A, B, C. "VTe deduce from formula (11), 

cos A + coa B cos C 
''''''- ainB sine. 

By opcratioria analogoua to those in Ai't. 153, wo readilj 
deduce tho formulae required. Placing A + B + C i= 180° + 1^ 
these formulae become 



,l.aiii(A-i,) 



CO. U^K Ai"(B-^ O^ in(C-i.) 
V sinJJeinC. 

tangl a = v/-£fe-^^ ~t(-'^ 1 ^ 

The quantity t is called in geometry tlie spherical excess. 

159. The analogy between equations (11), (12), (13) and 
the fundamental formula (1) is striking, and leads to a 
remarkable consequence. Let us conceive a sjjherical tri- 
angle A' E' C, the sides of which, (t',6',c', are the supplementH- 
of the angles A,B, C. By virtue of formula (1) we shall 
have cos a' = coa b' coa c* + sin b' sin c' cos A'. But ain a'=S!0 A, 
cos a' = — cos A, sin b' = ain B, &e. Hence 

— coa A = coa B coa + sin B sin C coa A ' 

From this equation we get for coa A' a value eqnal an'd 
■with a contrary sign to that which equation (U) gives for 

coaa': hence, « ^ 180° — A'. In like manner, 6= 180° B', 

and c = 180° — 0'. Therefore, a spherical triangle being given, 
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if we form a second triangle from it, so that the sides of this new 
triangle shali he supplements of the angles of the first triangle, the 
sides of the first triangle will le also the supplements of the 
angles of the second triangle. 

160. These triangles are eaid to }:>& supplementary. Since 
each of these triangles may be described by taking as poles 
the three vertices of the other, as is shown in geometry, 
this property leads to a deaignation of these triangles as 
polar one to the other. 

161. By the polar triangle, the formute found above for 
^a may be deduced from those which are known for ^A 
(Art. 153). Indeed, we can apply these formulffi to the polar 
triangle itself, and for this purpose it is only necessary to 
replace the angles by the supplements of the sides and the 
sides by the snpplements of the angles. We thus reproduce 
the values of sin ^a, cos^a, tanged. 

162. Proportion of the four tangents. We proceed now to 
demonstrate some formula which are of frequent wse by 

astronomers. Taking; the proportion of the sines —. — ^-='-^ — r, 
'^ '■ ^ Bin B sitib' 

we deduce, in the first place, 

sin A + sin B _ sin « -f- sin b 

fieplaeing now each ratio, by a ratio of tangents, from 
known relatione, we have 

tan^ ^ (A + B) _ tang ^{a + h ) 
tang I (A — B) ~ tang ^ (a — b) 

This fonnula la called th& propoHion of the four tangents. 

163. Proportion of the four cosines. The student may 
readily construct the figure for himself. From the vertex C 
of any triangle draw the are of a great circle pei-pendicular 
to the aide A B. Designate the perpendicular by p, and by 
a and S the segments adjacent to the sides a and 6. The two 
right-angled triangles will give cos a <= cosp eoa a, eos& = cosp 
cos 3 (Art. 150) : and from these results, we deduce the pro- 
portion of the four eosiiies. 

cos a COB a 

COB 6 ~ cosp' 
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164. Fonnulcc of Delamhre. Thase formula) which bear the 
namo of the distinguiahed astronomor who flrat publieliod 
them are: 

^in ^ (A + B) = cos i ^^iifcii 
.raHA^B) = oosiC!!5|fc=±) 

co.}(A + B)-.miC °°"<° + ''' - 

^ ' COS i c 

C08HA-B) = Bm}C^iH4±^ 
' ' sin i e. 

They are readily deduced by finding the espressiona for 
the sines and cosines of the angles 5 (A + B), J (A — B) in 
functions of the sides a, b, c. 

For example, let ua find sin J (A + B). In the first place, 
we have sin 3 (A + B) = sin 5 A cos J B + sin ^ B cos J A. Sub- 
stituting for the sinea and eosinea, in the second member, 
thoir values oxpreaaed in torma of the sides, we have 

/ / a.i(8-i.)»in(,_ e) / ,i.«sin(,-;,) 

V ainSsinc V Bin <i sine 

8inJ(A + B)=/ 

+ /. in (,-a) .in (.-c) / AKjAjj^'i 
^ V 8in«8inc V aindsinc 

= .in(;-jH-jin(,-») / .,„,,„ (,_, ) 

Sine V Bin«sin&. 

The last radical is equal to cos JC. The numerator sin 

(s — 6) + (.9 — c) is a sum which may bo replaced by a product, 

and the denominator sincis equal to 26iu3c cosjc- we 

have, therefore. 



2 sin J c COS 4 c. 
_s in3(2s — g — 6}cos}(a — &) 
sin J cos 4 0- 
5 that 2 s = a + 6 + e, wo have 2 s — a —6 = 

and the preceding fraction is reduced to — — , . \ 
have therefore '^°^ * ''" 
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8l» i (A + B) = COB iC 52^*4=3- 
COS i c, 

which is the first of Delambre's formulee. Tlio tlireo othOT 
formul83 va&j bo obtained by analogous operations. 

165. It miglit be supposed that in applying these formula 

to tbe polar triangle we ehouid obtain new formulae. But 

this is not the case. For example : replacing A, B, 0, in the 

1st by the supplements of the sides, and reciprocally, it 

, . ,, ,, . , cosJfA — B) , .,'. . 
becomes 8IQ J (d -}- J) = sm i c ^ . ■ - -^ — -, and this is no 

other than the 4tli formula, under a little different form. 
Eeciprocally, the 4tb formula will reproduce the 1st. As to 
the 2d, it will be made to reduce to itself, with a slight 
change in form ; and so also with the 3d. 

166. Napier's Analogies. These remarkable analogies or 
proportions are embraced in the folSowing formulse : 

t.angHA + E)=eotJC^^^ig^) 

tang UA ~B) = cot J C ^Hyfe^ 

tangU« + ^) = tangic^2i||^) 

tangi (« — ;>) =tangJc^T^y^jq;^ 

To demonstrate these formulas directly, we should have to 
go over the same calculations which have just been made for 
the formulas of Belambre. It will therefore be more simple 
to deduce them at once from these formulas. 

If we divide sin J (A + B) by cos J (A + B), and sin ^A—B) 
by cos J (A — B) in Delambre's formulse, we at once deduce 
the two first analogies. In like manner, by dividing the 4th 
formuliv of Delambre by tbe 3d, and the 2d by the 1st, we 
obtain the two last analogies. We may also deduce the two 
last analogies from the two flrat by means of the polar 
triangle. 

167. JVapier's Analogies serve to simplify some cases in the 
resolution of spherical triangles. We make use of the two 
first when we have two sides and the included angle given; 
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and the two kst, when we know two anffles and the included 
side. 

168. Selations between the parts of a right-angled spherical 
triangle. 

To deduce the fornmlse which correspond to the particolar 
case of the right-angled triangle, ifc is only necessary to 
make A = 90° in the relations heretofore found, which con- 
tain this angle. In this manner, we find the following for- 
mulas: 

Art. 163, gives cos a = cos 6 eos c (a) 

Art. 155, ■' sin 6 = sin a sin B, Einc= eina sinC (6) 

Art. 156, " tangi) = tangacosC, tangc= tang(i!CoaB,(c) 
Art. 156, " tangfi = sine tang B, tang c = sin 6 tang 0, (d) 
Art. 157, " cos B =5 sin C cos 6, cos C = sin B cose, (e) 
Art. 157, " cosij. = cotB cotC. (/) 

We have thus six distinct formulae equally adapted to 
logarithmic calculation. The first gives a relation between 
the hypothenuse and the two sides of the right angle; 
the second, between the hypothenuse, a side and the angle 
opposite; the third, between the hypothenuse, a side and 
the adjacent angle; the fourth, between the two sides and 
the angle opposite one of them; the fifth, between a side 
and and the two oblique angles; jtnd the sixth, betiveen the 
hypothenuse and the oblique angles. Thus, any two of the 
0ve parts being known, we have a formula to determine all 
the other parts. 

169. Certain properties of right-angled triangles must be 
noticed here. 

lat. Pormula (a) requires that cosd have the sign of the 
product cos b cos c : but, for this purpose, it is necessary that 
the three cosines be positive, or only one positive. Hence, 
in a right-angled spherical triangle, the three sides are less than 
90° ; or else two of the sides are greater than 90°, and the third 
less. 

2d. The formulse (d) show that tang 6 has the same sign 
as tangB, and tangc the same sign as tangC. Hence, each 
side of the right angle is of the same species as the opposite angle : 
that is, tlie angle and the side are both less than 90°, or both 
greater. 
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170, Napiefs Mules. Tbe fornitilie given in Art. I(i8 are 
embodied with groat oleganee and conveniouce in Napier's 
Mules, the enunciation and proof of wliich are as follows. 

The rigiit angle being left out of consideration, the two 
sides including the right angle, and the complements of the 
hypotbenuse and of the two other angles, are called the five 
circular parts. Any one of these being taken as the middle 
part, the two circular parts which are immediately con- 
tignous to it, in position, are called the adjacenf parts; anij 
the other two parts, considered with reference to the same 
part as the middle part, are called the opposite parts. Then, 
whatever the middle part be, whether a side, or the comple- 
ment of the hypothenuse, or the complement of an angle, 
we have always 

Ist. The SIM of the middle part equal to the product of the 
tangents of the adjacent parts. 

2d, The sine of the middle part equal to the product of the 
cosines of the opposite parts. 

lat. Let the complement of the hypothennse, 90° — a, be 
the middle part, then the complements of the two oblique 
angles, via. 90° — B, 90" — C, are the adjacent parts, and 
tbe two sides b and c, the opposite parts; and formula (11), 
Art. 157, and formula (1), Art. 149, 

cos A = — cos B cos C + sin B sin C cos a 
cos a = cos 6 cog c + sin 6 sin c cos A, 
become, since A = 90°, and therefore cos A == and sin A = 1, 
ooBa = eotB cot 0, or, sin (90" — a) = tang (90° — B) x tang 

(90°— C), 
eosa= cos 6 cose, or, sin (90° — a) = cos/i cose, 
which prove tho rules. 

2d, Let the complement of the angle C, 90° — C, be the middle 
part; then the complement of tho hypothonuBe, 90° — a, 
and the aide b, ai-e the adjacent parts; and the complement of 
the angle B, 90° — B, and the side e, are the opposite parts: 
and the formuliB, 

cot a sin 6 = eos6 cosC -j- sinC cot A (5), Art. 156. 

COB C = — COB A COB B + sin A sin B cos c (13), Art. 157. 
become, since A = 90°, 
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co&C = cofca tangfi, or, sin (90° — C) = tang (!I0°— «) tangi, 
C0sC = 8inB coac^or, einCSO"— C) =cos(90°— B) cose, 
wbicb prove the rules again, with, reference to the part 
assumed as middle part. 

If 90° B, be taken for the muldle part, the rules may be 

proved exactly in the same way, and other two similar rela- 
tions found. 

3d. Let the side b bo the middle part, then 90° — C and the 
side c will be the adjacent parts, and 90° — a, and 90° — B, 
the opposite parts ; and the formula 



cot c sin J = cos 6 cos A -f sin A cot C, (10), Art. 156, 
ain'Asin6 = aina slnB. (4), Art. 155, 

become, when A = 90°, , 

Bin6=eotC tangc, or, sin 6 = tang (90° — C) tangc,. 
Bm6 = 8in«einB, or, sia6 = cos(90°— a) cos(90°— B), 
which show that the rules hold good in this case also. If c 
bfeth'o middle part, the rules maybe proved in the same 
way',' and "Other t^o similar relations found. 

171. Wo are thus fiirnisbed with ten relations amongst the 
five parta of a right-angled triangle, each being a different 
combination of three of the parts; but five parts, taken 
three at a time, can be combined only in 10 different ways ; 
conBe<iuently, the above Rules, when any two parts whatever 
are given, will supply us with formulra in which each of the 
romaifiing parts is separately combined with these two given 
partSj and in a form adapted to the immediate application 
of logarithms. 

172. Thei-e can evidently be only six distinct cases, viz. : 
I and II, when the hypothenuae is given together with an 
angle, or with one of the sides containing the right angle; 
III and IV, when oao of the sides of the right angle' is 
given together with the angle adjacent to it, or with the 
angle opposite to it ; T and VI, when the two sides contain- 
ing the right angle are given, or when the two angles 
are given.. In applying Napier's Mules, to obtain the three 
unknown parts from two given ones, it is sometimes requi- 
Bite to take for a middle part one of tho given parts, and 
eometimes one of those that are sought, the sole object being 
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to separately combine each of the unknown parts with the 
given purts. 

173. A spherical triangle may bo U-rectangular or tri-rec- 
tangular, that ia, two of its angtoa may be right an-^les or 
all three may be right. In the last case, the three sides are 
quadrants; m the first, the sides opposite to the two i-ight 
angles are also quadrants ; and the third angle having for 
a measure the third side, must be expressed by the same 
number of degrees as this side. Thus, these two eases not 
giving rise to any particular investigation, it wili bo only 
necessary to refer to the spherical triangle Tvhich eontaitia 
one right angle. 

174. Case I. mivi7ig given the hypothenuse a, and an anqU B 
to find b, e, andC. 

Taking successively d^SO^ — B, and 90"— a for the middle 
part, we get, 

sin 6 = sin (I sin B, cos B = cot a tang c, cos a = cot B cot : 
C and c are determined without ambiguity; b and B must be 
both greater or both less than 90°. 

175. Gase II. Saving given the hypothenuse a, and a side b 
to find a, B,and 0. 

Taking successively 90°— a,&,and90°— for the middle 
part, we get 

cos a = cos 6 cos c, sin b = aina sin B, cos C = eot « tang 6, 
By those formulse, c and C are determined without am- 
biguity, for there is only one angle less than 180" correspond- 
ing to a given cosine; and B, determined by its sine, is not 
ambiguous since it must bo of the same species as b. 

176. Oiselll. Having givenoneof the sides b containing the 
right angle, and the angle adjacent to it, to find a, c, and B. 

Takingeucceesively90= — C, 6, and 90=— B for the middle 
part, we get 

cos G = tang b cot a, sin b = tang c cot C, cos B = cos 6 sin G, 

which determine a, c, and B, withoat ambiguity. 

177. Case IV. Saving given one of the sides, b, of the tight 
angle, and the angle B, opposite to it, to find a, c, and C, 

Taking b, e, 90° — B, successively for the middle pan, wo 
get 

Bin 6 = sin B sin a, sin c = cot B tang b, cos B = sin C cos b. 
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Here, since all the unknown parts aro determined by their 
einea, and since there are always two angles less than 180" 
corresponding to a given sine, an ambiguity presents itself, 
and it is easily seen that such ought to be the case. For if 
, .. in the triangle BAC, right-angled 

^<:-"""'/ at A, we produce BA and BO, 
until thoy meet in D, then taking 
DA'=BA, and DC'=BC, the 
triangles BAG, DA'C, will be 
cqnal in all their parts; henco, 
the angle A' is right, and C'A' = 
CA=6. The triangle BA'C ia 
thus rectangular, and contains also the two given parts B 
and b. "We may then take, at will, a < 90° or a^90°,but 
when the choice is made, the species of c will be given by 
the relation cos a = coa b eoa c, and the species will be the 
same as that of C. 

178. Case V. Saving given the two sides b and c containing 
the right angle, to find a, B, C. 

Taking successively 90" — a, c, and b for the middle pait, 
wo get 

cosa = cosJ> cose, sinc = cotB tang 6, sinS = cotO tangc, 
which determine a, B, C, without ambiguity. 

179. Case YI. Saving given the two oblique angles E and G, 
to find a, b, c. 

Taking saceossively 90" — a, 90° — B, 90° — C, for the 
middle part, we get 

COsa= cotB cot 0, cos B = cos 6 sinC, cos C=s cose sinB. 

These formulfo give no ambiguity, and if the triangle be 
impossible they will show it. 

180. Observations. The solution of many cases of oblique- 
angled spherical triangles may be reduced to that of right- 
angled triangles. 

1st. If in an oblique-angled sphericiil triangle, three parts 
be given, one of which is a side equal to 90", the correspond- 
ing angle in the polar triangle will be a right angle. Be- 
sides, we shall know two of the five parts of this triangle, 
henco it may be solved by rules just given ; and it is evident, 
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whoTi the parts of the polar triangle lU-c known, wo may 
readily detenijine those of the given triangle. 

2d. When a sphorioal triangle is iaosueles. the two equal 
eidos are considered as only one element, and the two equnl 
angles opposite as only one element, and in this case any 
two parts of the triangle being given, we may determine 
the triangle. I"or this purpose we have only to draw from, 
the vertex to the middle point of the base the arc of a great 
circle, and the given triangle wilt be divided into two right- 
angled triangles equal in all respects, and in each of wiiich 
two parts will be known, besides the right angle, and thna 
all the parts of the given triangle are determined by the 
Eules for the solution of right-angled triangles. 

3d. Let ABC be a Hphorical tri- 
angle, in which we have a + 6 = 180°. S-- 7D 

Producing a and c until they meet /"^''^Vy ■' 

In D,we shall have a-i.CD = 180O; /^ }a. 

hence, CD = b. But each known / y^ 

element of the triangle ABC makes / _-'-'c 
known one element in the isosceles 's — 
triangle ACD, and reciprocally; 

hence the resolution of a triangle in whieh the sum of two 
sides is equal to 180° reduces to that of an isosceles triangle, 
and consequently to that of a right-angled triangle. 

4th. The same remark applies to a spherical triangle in 
which two angles are supplements of each other; for wo 
cannot have o + 6 = 180°, without having at the same time 
A-}-E = 180°, and vice versa. Indeed, in the isosceles tri- 
angle ACD, the angle CAD==D=B: but CAJ>-f-CAB = 
180"; hence,inthe triangle ABO, we have also A -fB =180". 

Ebsolutiom of Oblique Spherical Triangles. 

181. Case 1. Saving given the three sides a, b, c, to find the 
three angles A, B, C. 

Equation (1), Art. 153, gives 

cos (J — cos 6 coac 

but as this formula is not adapted to logarithmic calculation, 
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we make use of the formulis for tsin JA, cos J A, tang i A, 
given in Art. 153. 



oo..JA=\/«»ti!Hi=»J 
V sin () sine 

183. Oase II. Having given Uoo sides a and b, and the angle 
A opposite one of them, to find e, B, and C. 

"We obtain the aogle B, opposite tbo side b, immediately, 
by the proportion 

sinB_einA . sin A sin 6 

sin 6 ~6ina ' ' ~ sin a. 

To find c and 0, we malie iise of Napier's analogies, Art. 
166, -wticli give 

tang j e ^ t,mg i (^-i.) ■^"' \ \\ + g 
bill i^A — a) 

cot i C =x tang KA—B) "!"^i'''''fj 
sini((Z — b) 

The angle B being determined by its sine, may be either 
acute or obtuse. Nevertheless, for certain vaJnea of the 
given parts a, h, A, oniy one triangle exists. "We will resnme 
the consideration of this case hereafter, presenting as it does 
an analogous discussion to that which has been made in 
Case II of plane triangles. 

We may also determine directly by making use of the 
formula (5), Art. 156, 

cot A sill C + cos 6 eotC = cotn sin 6. (5) 

For this purpose, we will first determine an auxiliary 
angle ^, by making cot A = cos 6 cot^, which gives 

cot A 

cot* = . 

cos/) 

Then, substituting the value of cot A = eos6 eot* = 

r — ~ in eq^uation (5), this equation becomes 
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coa& (sinO coSij" + eosO sin'f)= cot a mnb siuij>, 

from which wo dothico 

^■,r. ic j_ .^ tang 6 sin.? 
am (O + *) = " t-nn ^ — 

wbicli makes known c.+ iji- Piitc + it>= m, wohavCC = m — ♦. 
Having found C, we obtain the side c, by tbe rule that the 
eines of the angles are proportional to the sinea of the oppo- 
site sides. Bnt if we wisli to calculate' e directly, we make 
use of formulsi (1) Art. 353, 

cos 6 cos c + cos A sic & sin c = coa a. 
We rednce, aa above, the first membor to a single terra, by 
means of the auxiliary angle $, by placing cos A sia6 = cosfr 
cotfl', which gives 

cot f = cos A tang h. 
Consequently, the equation becoraes 

cos 6 (sin 41 cose + cos 41 sine) = cosii sin?, 



_ cos a 811) ^ 
cos 6 



hence, 8!n(c-j-cp). 

Knowing now the value of 4', we readily determine c. 
183. Cass III, Having given two sides, a and b, with the 
irtchided angle C, to find A, B, and c. 

FormulfB (5) and (6), Art. 156, give for A and B, 
cot C! sin 6 — cos b cos C 



cot A = " 



eotB = 



cot 6 sin a — cosir cosC 
sin C 



By making use of auxiliary angles, we may readily redace 
each numerator to a single term. But Napier's Analogies 
furnish a more simple solution. We have 

These analogies make known J (A -4- B) and 1(A— B), 
from which we readily deduce the values of A and !8, ' 
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When A and B are known, c is found by the proportion 
of the sines. If we want to determine c direotly, we take 
tbo woU-linown formula, Art, 153, 

coa a = cos a cos b -f sin a sin b cos C, 

in which we make 

. , _ cos 6 cos^> , 

til n 6 cos C = — . = oos b cot ^. 

9in$ 

We have, without ^ny amhiguity, 



sin* 

184. Case lY. Saving given two angles, A. and B, with the 
included side c, to find a, b, C 
We may determine a and b by formulfe (7) and (9), Art. 156, 

cot A sin B + cos B cos i; 

cot a = ■ —— — — — ~ 

sin A + cos A eosc 



cot J- 



', better still, by Napier's Analogies -■ 

COB j ( A —■ B) 
'^c'osf(A + B) 



tang J (<j -f i) = tang J c 



Bin i (A + B) 

The angle C ia found by the proportion of the sines. To 

find C directly, we take formula (13), Art. 157, 

cos C= sill A sin B cose — cos AcoaB, 

and placing sin B cos c = cos B cot (f, we have 

„ _ eosBsinfA — *") 

cot4 = tansr B cose, cosC = ;— ' - 

'^ ' ein* 

This case is analogous to Case III., and presents no am- 
biguity. 

186. Case V. Having given two angles A and B, and the side 
SL opposite one of them, to find b, c, and C, 

This case is precisely analogous to Case II. It is dia- 
cuaaed in the same way, and presents like ambiguities. 
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C and C are determined by the formulte employed in Caan II. 
tangJ. = tangH«-^),Vlti^Fi 



The side c ia also given by the formula (_7), 

cot a sine — cosE cos c = cot A. siaB. 
In which, if we make cota = cos B cot^-, wo have 



aB' 

Finally, the angle C is found either by the formnla that the 
BineB of tbe angles are proportional to the sines of the op- 
posite sides, or by means of tbo equation 

COS a sin B sin C — oos B cos C = coa A. 
We may reduce the first member to a singlo term by 
placing 

cos a sin B = coa B cot f , 

-r, ■ ,r^ ^ COS A SIH^. 

hence, cot^ = cos a tang B, am (G — ^)= ^— . 

These values make known ^, C — 4', and consequently tho 
angle C 

186. Case V:r, Having given tlie three angles A, B, C, to find 
the three sides &, b, c. 

This ease is solved by analogous calculations to those in 
Case I. Tbus, '.ofind a, we make use of the formulas, Art. 158, 



sin Ja= »/- 



i^tsin(A— jQ 
sin E sin d 



CoaU^v/^'"'^^.*'j^"'ip-^'> 
V smBsmO 

We remark that the three last cases bear a strong analogy 
to tho throe first. Indeed, by the properties of tbe polar 
triangle, they may be deduced, one from the other. 
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Ambiguous Cases in Spherical Thiangies. 

187. Tho only cases in which ambiguity arises, as to'tha 
values of the computed elements, are the II. and V,, and it 
becomes necessary to investigate the conditions to which 
tho given elements arc respectively suhject, when they cor- 
respond to two triangles, oi: to only one, or to none at all. 

Let DHD', DCD', ho two great 
circles at i-ight angles to each other, 
take CD<90°, and from the point C, 
draw the ares of great circles to the 
different points of the circumference 
DHD'. Produce CD until CD is 
eqiml to CD, and join C'B. The tri- 
angles CDB, C'DB are equal, sinca 
they have sides including a right equal, 
each to each : hence, CB = C'B. But 
ODC<CB-+-BC; hence,CD<CB. 
Therefore, 1st, (Ae arc CD perpendicular to the circumferences 
DHD' is the shortest arc that cart be draum from the point C to 
this circumference : while CD' is the longest arc that can be drawn 
to the same circumference. 

Let DB'=DB; the triangles CDB, CDB' arc equal, 
since they have two sides and the included right angle equal, 
each to each; hence CB' = GB. Therefore, 2d, (Ae oblique 
arcs equally distant from C D or D' are equal 

Finally, let DH>DB; draw C'H, and produce CB until 
it meets C'H in I. Since the are CC is less than a semi- 
circumference, it must be intersected by the prolongation of 
CB beyond the point C, which makes it necessarj' tbat the 
point I should be between H and C We have then 
CB<C'I-f IB, and consequently C'B + BC<C'I + IC. 
ButwehaveIC<lH + HC,and consequently CI + IC< 
CH + HC; therefore, a fortiori, C'B + BC<CH + HO. 
ButC'B = BC,andC'H = HC; hence we have BC<HC. 
Therefore, 3d, of oblique arcs that is the longest which is at 
the greatest distance from CD, or the least distance from CD', 

188. Let us now suppose that ^ve have to eonatruct a 
spherical triangle with the two sides a and b, and tlie angle 
A opposite to one of them given. 
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Id the first place, it is to be observed that there aro certain 
cases of impoaaibility that 
are indicated by the cal- 
culation itself. Mb" 
angle CAB=A,and A0=6, . 
produce AC and AB, until 
they meet in E, then draw . 
C D perpendicular to AE. 

The are CD must be of the same 
species as A, that is, be less than 
90°, if A <90°, or greater than 90° 
if A>90°: hence, if A ia acute, 
CD ia the shortest (iiatanco from 
the point C to the semi-circumfer- 
ence, and it ia the greatest if A is oblic[iie (187.) 

In the first hypothesiB, the ti^angle will be impossible if 
we have o<01>, which'gives sin d ■< sin D ; and in the 
Eecond case, it Will be impossible, if we" have a>CD, which 
gives still Eina<sinCD. But in the right-angled triangle 
A CD, we have sinCI> = sin6 siaA; henco, in the two 
hypothesoB, we ehould have sin a <8in b sin A. On the other 
hand, when the angle E of the triangle A B is sought, we 
have 




-, which gives eiu B =: 






Hence, tbia value of sin B would bo gi-cater than 1, which 
indicates an evident impossibility. 

If a = C D, wo should have only the i-ight-nngled triangle 
AC D which would be possible ; and this is indicated by the 
value of sinB, which becomes sinB = 1. It ia assumed that 
the angle A is not equal to 90°. 

189. Passing by these cases, let i 
relations which the given parts a.,l 
reapect to magnitude. 

LetA<90°,and6<90°. 
Since A and &<90=', ADia 
also <90''; bence Ai)<DE. 
This being established, if 
we have also a <ft, it is evi- 
dent we may place one arc 



) the various 
i, A may present, with 
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CB = a between GA and CD, and that on the other side, 
we may place another are B' = C B = a, between C D and 
CE: that is, there will be two triangles ACB and ACS', 
constructed with the same given partBa,6, A. ■Whena = 6, 
the triangle ACB disappears, and ACB' only remains. 
When we have a + b== 180°, or a + &> 180", the point B' 
falls on B, or passes beyond it, and there ia no longer any 
triangle. 

"We may discuss in tho same manner the other bypothesea. 
The results arc comprised in the following table. 



d>SO= J a+i.>18tP,or 






6<91is i a+b=lilfi, or n+6<18tP, proiidad a ia not=i,or<i.... 



Id>b ; two soliuiaii 
a=l>, or n<6, If o+S It not=180°, or <iS0O..__ me salalioit 
i1+!f=18(P, oro+(j<180°. .'. nosolKlion 



1=00 



r''>*' 

l«^b,Dra<&.„. 



f 



«90°] a-i, ora<i.... 



- a+(.>180'',... 



6>3CP 



(o<6, If o+li l9 not=lSO=, or<180<'.„. 
a=^,o^o>^ 



|.0+6=1S(P, Drl80<lS0° bosoIuKo 

f a=Wf {i^aeiHaabcTi^aotuU 

l,a<«P,oro>00° - noioiiittB 
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190. The property of tlie polar triangle enables ua to 
apply these resnlts to a triangle in which A,B, and a are 
given, as in Case V. It is only necessary to change a, h, and 
A, into A, B, and a, the sign > into <, and the sign < into >■. 

When the conditions which are given lead to one of the 
eases in which there is only one solution, the caleaiation 
always indicates two. To j^certain which mnst be pre- 
served, it will be only necessary to note that the greater 
ftHigtea mnst lie opposite to the greater sides, and reciprocally. 

Suppose that we have given A. = 112'', a = 102°, b = 106°. 
In the preceding table, among the cases which correspond 
to A>90'^, we consider those in which 6>90'', and note in 
these, that one in which we have a = 6, or a<6, we ob- 
Gerve, further, that we have a-i~b = 20S°; hence,a + &>180''. 
We conclude, therefore, from tbe table, that wo have only 
one solution, and since 6>a, the angle B>A, hence Bis 
obtuse. 

Surface of tite Spherical Teiangle. 

191. The surface of a spherical triangle is equal to the excess 
of the STtm of its three angles above two right angles. This excess, 
which is also called the spherical excess, may bo found from 
the sides, by the aid of very simple formulae, which will now 
be explained. Designating, as before, the spherical escesa 
by t, we shall have 

sin J f == sin (J (A + B + C) — 90°) = _ cos ^ (A + B + C). 
It is rcquirei! to find cos J (A + B + C). 
In the first place we have 

cos J ( A + B) = cos J A cos J B — sin i A sin J B. 
Now putting B 4- C for B, we readily get 
cosKA + B-)-C)=co3iAcoaJBcosiC— cosJAsin^BsiniC 
— coslBainJAsinJC— cosSCsiniAain^B. 
Substituting for thesineaand cosines, their values in terms 
of the aides (Art. 153); and considering, in the first place, 
tbe 1st term -which contains three coainee, we shall have 



MlAcoaJBcoBiCz 



V=^s*?'<"'^sSi^x- 
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Designating the radical whioii occurs in the second e 
ber by E, the expreasion assumes the form 

cos J A cos J B cos J C =—. , . — • 

sin a sin b sm c. 

If we now consider the 2d term, we find 



tos^Asto^SflipiC^4 A'""'°i'~°' x— ' - ^"^ ■■ ^!"''^' x ""''~"'""''~^' 

or, simplifying, 

coa J A sm i B sm J C =^. — ■ , ■ , -r '— 
Bind sin 6 sine. 

By a single change in the letters, we readily find analogous 
values of the two other terms, viz.; 

cos J B sin J A sin i = ,-^^^"/i~ -X 
sinaemo sine 

cos^CsinjAsinjB^ Esin(.-c) 
emit sin 6 sine 
By means of these transfonnations we get 

CO.J (A+B+C)_ Bfti..»-inft-.)-. i .(»-»-.i.(^-^)) 
'^ ' Sin a Sin sm c 

In thia value the multiplier of R may be reduced to & 
single term, as follows. 

The two first terms being a difference of sinee, we may 
make use of the formula 

and w^e have 

sins — sin(s — a) = 2 sin 2 « cos^(& + c) 
For the two others, we make use of __the formula 
sin^ + sin2=2sin^(p x ?)"— cos 5 (p — $) 
and we find 

sin (s — b) + Bin(s — c) = 2 sin ^ it cos i(b — c) 
Hence, the multiplier of E will bo equal to 

2 sin J a (cos J (6 + c) — cos ^ (6 — c) ) 
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and this last espFossion may itaolf be reduced to — 4 sin J a 

As to t.lie denominator, wo remarlc that 
Bin a siaS Biiic = 8sin J a cos Ja sirtM cosji ein jc cos Je. 
Conseijuently, after making all the reductions, and restor- 
ing the radical designated by E, we ahall have cos ?{A+B + C). 
Then cbanging the sign of the reaalt, wo have the required 
formula, 



ni,= ^ 



n(s-a)6in{-.-^)sin(s-c) 



s4«cos^6 

If we find the value of cos if, in the place of sin 5 1, we 

obtain the following formula. 

1 + cos a + coa 6 + cos a 

cos J f = -r- — -^— . ■ . -■■■■ — - 

4 cos id cos 4 6 cosic, 

which is not convenient to be used in logarithmic calcula- 
tions. The transformations rer[uired are complicated, and it 
would be useless to atop here to make them. 

Finally, wo introduce, in this place, ■without developing 
the ealculationa, the very elegant formulse of Simon LhuUUer. 
By means of cos it, wo obtain sin if, cos it, tang It, and we 
get the formulas referred to. 



|^ 


.-,/si.is 


srai(!-") 


8inJ(s- 


-S). 


,mi lj,-c) 






cosjoi 


;oa i 6 coa 


4e 




1- 


,_. /eos^s 


co,i(s-<.; 


lcosl(»- 


-b) 


co8K«-«) 






COS Jo 


00. J 6 CO 


sic 





tangi(=5*^tangjs tangj(s— «)tangJC'S— '')tangi(s— c) 
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Application in Spiieeical Trisonometet. 

192. Example 1, To reduce an angle to the horizon. 

Let BAG be an anfflo situated in & 
plane inclined to the liorizon, and AI> 
the vertieal passing through the verteit 

A. Draw at mil the honzontal plana 
MN, meeting the lines AB, AC, AD, io 

B, F, G : the angle E G F is the horizontal 
S jirojedion of the angle BAC, or, in other 

words, it is the angle BAC, reduced to 
the horizon. 

It is required to caleulate the angle EGF, supposing the 
angles BAC, BAD, CAD, as known, being determined by 
instrumental measurements. 

The graphic solution would be easy, for, the line AG 
being arbitrary, we should have sufficient elements given to 
construct, i i the firbt place, the right-angled tmngles E AG, 
and FAG, then the triangle B AF, and finally the triangle 
EGF. 

The calculation of the angle E G F is easily made. If wa 
describe a sphere from A, as a centre, with any radius, the 
right lines AB, AC, AD, determine, by their intersection 
with the surface of the sphere, a spherical triangle BCD, 
the sides of which are known in degrees by means of the 
given angles, and the angle BCD equal to EGF is the 
required angle. The solution is readily made by using the 
well-known formula for sin i A in tei'ms of the three sides, 

.in 1 A - . / 8i»(«-t)«m(^ -t) 
V sin b sin c, 

in which wo make a = BAC, b^TiAD, c=GA.T), s=>i 
(a + 6 -I- c). 

Lot a = 47° 45' 39", 6 = 69° 49' 19", c^SO" 17' 86", wa 
shall have 2s.=197'' 52' 34",s=98<' 56' 17",s— 6=29" 6' 58", 
S — c= 18° 38' 41", and we may make the following calcoI&- 
lion. 
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LogBm{s — i) 9,G871552 

Logsm{s— c) »,5047412 

Log einb (Arith. Compl.) . 0,0275078 

Jjog Bin c (Arith. Compl.) . 0,0062623 



2 Log sin i A 19,2256665 

Log sin J A 9,6128332 

JA = 24° 12' 27",9 B_ 
A = 48*^ 24' 56" 

1S3. Example II. Saving 
given the latittcdes and longitudes 
of two points on the surface of the qL 
earth) to find the distance between 
these points. 

LetAaridBbetlietwopointe. 
Let Q K be the circle of the equa- 
tor, C,thG north pole, and C ED, 
C F I), the meridians passing ~ 

throiigh the points A and E. Finally, sappose tbat tlie lon- 
gitudes aro reckoned from the point Pin the direction PE^^i, 

The difference of longitudes, P F — P E, is equal to the arc 
E P, or to the angle C included between the two meridians; 
and the area A C, B C, are the complements of the given lati- 
tudes A E, B F. Thus, in the spherical triangle A B C, we 
know the angle 0, as well a8 the sides which contain thw 
angle, and it is required to calculate the side A B. Casellli, 
in which two sides and the included angle are given, ^i^i 
the formula, 




» (a ■¥'^ 



eot$ ^ tang 6 eosO, cose=3 — 

Suppose, for example, that we wish to calculate the dis- 
tance from Brest to Cayenne. 

The longitude of Brest = 6=49' Latitude = 48° 23' 14". 
The longitude of Cayenne = 64° 35' Latitude = 4* 36" 16". 

Both longitudes are west and are reckoned from the meridian 
of Paris ; both latitudes are north. 

"With these data, wo find, in the first place, 
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= 54" 35'— 6°49' = 4Y°46' 
a =90° — 48° 23' 14"= 41° 36' 46" 
6 =90=— 4" 51'15"=85° 3' 45" 
Wc may now calculate c as follows. 
Calculation of the a-uxiliary Calculation of the s 



9,8274671 



log 



11, 



log tang 6 

tog cot f 10,8 

(.= 7? 19' 26" 
a+t= 48° 56' 12. 

,Thu8, the arc which, 
and Cayenne is 59° 23' 54", 
riametros, 






8,9348408 
9,8773621 
0,8946642 



log COS c 

c = 59° 23' 54" 



9 tfao distance between Brest 
To estimate this arc in my- 
) must remember that the fourth of the terres- 
trial meridian is 10,000,000 metres, or 1000 myriametres. 
Hence, wo have the proportion 

X 59° 23' 54" 38 
1000 ~ . 90° 



and reducing the arcs to soci 
213834 X 1000 



324,000 . 



nda, wG' find the distance x to be 
= 65,983 myriametres. 



■This last operation could have been easier, if the are c 
bad been expressed in centesimal degrees. For example, 
take ..in thia division an iirc 37° 45' 69" : referring it to the 
quadrant, it will be expressed by 0,374569, and multiplying 
the number by the value of the quadrant, in terms of myri- 
amotrea, we find at once, by the simple removal of the deci- 
mal point, 374,569 myriametres. 
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CHAPTER III. 

FORMULJD USED IN THE HlGHEJt MATHEMATICH. SrNES AND 

CosiMEs IS Series. Eesoltition op Binomial Equations 
AND oir THE Equation oe the 3b Degree. 

Formula of De JMoivRii. 

195. This formula, which bears the name of the Preneh 
Geometer who discovered it, is as followa : 

(cos p + -/ — 1 sin iff = cos M ?i -i- -/ — 1 ain w $ (A) 
It expi-essee that to find tho value of the binomial 
cos$-j- -^ — 1 Biuf, raised to any power, we have only ^ to 
multiply the arc ^ by the exponent of this power. Either 
sign + or — may be placed before v' — 1, for this would 
iovolvo only the change of + ^ into — $. 

196. Ga&f, 1st. n fositive and entire. We have, by multi- 
plication, 

(cos^ + </ — lein$)(coS'4'-f- ^^ — 1 sin ^■) = cos 41 eos^. — sinf 
Bin.V+ ^^ — l(ein$ cos^ + cos? sin 4). 
, But, from known formulse, tho real part of this product 
is equal to cos (^ + +), and the imaginary part is equal to 
V — 1 ain (f + 4.) ; hence, 

(cos 4, + x^^Tsin f ) (eo3.V+ \^^^ sin 4) = cos (^+4)+ V'~l' 
(8in^. + 4). 
That is to say, when we multiply two expressions of the 
form cos 4>-i- */ — 1 sin ^, we obtain a likecxprcesion, in which 
the two area are added together. If now we wish to multi- 
ply this product by a new factor of the same form, we have 
only to add the new are to the two others, and so on, for any 
number of factors. Hence, if there should be n factoi-s; all 
equal to coa^-f ^ — 1 ain?, we have 

(cos * -}- ■/ — 1 sin ?)"= cos ?i * -J- ^ — 1 sin ?i ^ (1) 
(111) 
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197. Oase2d. n positive and fractional. Substituting- for 
f in formula (1), we have, 



(coe| + v/— l8in|) =coH$+s'~l 



ein$. 



Now, extracting tlie n"" root, and putting a fraetionnl ex- 
ponent in place of the radical, formula (1) ia found proved 
for an exponeat — , for, we shall have 

(G03fi+ \''^siii^)^=C09 -4-%^ — 1 sin-. (2) 

which proves formula (1) for an exponent -. 

In general, the expression A"" signifies that the m** power 
of A is taken, and then, the n" root of this result. Hence, 
it We raise cos^+v' — Isin^ to the m'* power by formula 
pi), and afterwards extract the Ji" root by formula (2), we 
ehali have 

(cos p + V^l""8in$) ^ = COS — + v^ZT sin — (3) 
ishieh proves formula (1) for any positive fractional expo- 
oectt — . 
198. Case 3d. n negative- In this case, wo observe that 

l^eo8)i'p+ v' — I siiin^i) (cosn-f — \^ — 1 sin 119) — eos'itj + 

Bin'n? = l 
from which we get 

-=eos n4> — v^ — 1 sin n^ 



eos » ^ + ^ — 1 sin 
orj the equivalent expression 

^casp+V — 1 sin f)~"=eos ( — n?)4-v' — 1 sin ( — ?if>), (4) 
tience, formula (A) is veriflod when the exponent n is posi- 
tive or negative, entire or fractional; and, in general, 003 

_i|i4-V' — 1 sin — ^ is one of the n different values which the 

expression (cos it+ "^ — 1 sin 4,)"", according to the principles 
of Algebra, admits of 
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19D. There is no difficulty in assigning tlie remaining 
valiiee; for, from what has been proved, since p is any aro 
whatever, and may therefore be replaced by the general 
Gallic of ail arcs which have the same eino and cosine an ^, 
viz., 2 rrf-f 41, r beiug any whole number, positive or negative, 
it follows that 

cos^ C2J■A+^.)+^^^ sin ^ C2r7t+^) (B) 
is a value of (cos 2 j- «+$+ V — 1 sin (2 r it+^)li, 

or of (cos ^4-^— i sin *)^ 

We will now show that the expression (B) admits of n dif- 
ferent values, and no more. 

If we maker=0, 1,2, &c.to?i — I, we get « different values; 
for, if two of thera were alike, as r=p, and r= 2, it would 

be necessary that the arcs — (2^^+^),- (a^n +$), should 

differ by a multiple of 2 it, or that — --^ should bo a 

multiple of n, which is impossible, since p and q are both less 
than n, and m not iJivisible by n. Also, if we taico for rsome 
number beyond the limits and « — 1, we shall get no new 
value; for, if r= j.tt+r', in which s. is any positive or nega- 
tive number, and r* positive and less than n, so that r may 
represent any positive or negative numbers whatever; then 
the above expression bceomes 

COS (2 »,mrt+™ (2 r'rt+?>})-}-v'^ sin (2 M?ijt+- (2 r'rt+j)), 

or, suppressing the multiple of 2 jt 

cos ^ (2/^+9)+^=! sin - (2 ;^«+9), 

which, since r' is positive and less than n, is compi'ised among 
the values obtained in making r = 0, 1, 2, n—1. 

Consequently, the complete value of (cos .f-f ^^■^l sin^i):; is 
given by the formula 

(coa ?+ v'—l sin ^)™=cos^(2r«-M>)+v/^l sin ^ (2 r«+f), 
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r being any whole number, positive or negative, nob exclurl- 
JDg zero, and tbe wvalues of the first member are found from 
the second, by talcing n from to n — 1. We see, also, by 
assuming nf = 2rfr + a,in which r is any whole number, and 
a is any an^le betweeo and n, wo obtain n different values 
of $, every one of which furniflhea a different value of ooa ^ 
+ V — 1 sin (f, but the same value of 0037141+^^ — 1 sin n^. 

FoBMULJE FOtt sin n't and cos n^i in Terms of Sine and 
Cosine or thk Simple Arc. 

200. Eeauming Z)e-l/biOTe's formula 

cos n^+'/ — 1 sin 11$ = (cos -)'+•/ — 1 sin ^)" (I) 

in which n is considered entii'e and positive, we have, when 

J ia changed into — ^ 

cos jj$ — "^ — 1 sin n<f = (cos ^— %/ — 1 sin ?)". (2) 

Adding and subtractingthese equations, we find these valuoa, 

(cos $ + N/.^r8in *)"+ (cos » — yHTein^)", 
eoan ^i=- g — — (,*> 

Bin n ^J'"' ^+ ^^"^^'" '^"-^^ ^ ^^=T sin t)" ^^y 

201. Expanding the powers in the eecotid member by the 
binomial formula, and suppressing terms which destroy each 
Other, we obtain 

Coa«t=(cos^)-'-^^-g=l\cos^)-'(sint)'+ "^"~y3"~^'j"~^^ 

(cos$)»-'(sin$y, &e. (5) 

Bin n 4.= j(cos *)"-' sin p n (n— H ^:;:^ ^cos t)""" (ein *)'+ 

These ft) rmnlje express the values of the sine and cosine of 
the multiple arc n ^ in terms of the sine and cosine of ther' 
eimple arc ^i. Tboir law is evident, and, like the binomial 
theorem from which they are deduced, each is to be continued 
nntil we arrive at a term zero. 
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PoemuljS for (aiii $J" (coe ^)"in Terms op Sine and Cosine 
or THE Multiple Arcs. 

203. In the higher mathematics, it is often iiecessaiy to 
express (sin ^Y, and (cos ^)" m terms of the sines and cosineB 
of the rnultiple arcs (« ^), 

When 91 is a positive whole number, which is the ordinary 
case, it may be effected as follows. 

Assume cos ^+'/ — 1 sin ^i^^m, cos^ — v' — 1 sin ^ = «, 
we shall liavo 2 cos ^ = u+v, 2 v* — isin $ = « — v; hence, 

2» (cos ^y= (u + vr, (3 ^~1)' (sin *)»= {u-v)'; 
and developing (m + t)", (w — i")", lye get 

2"(coa?)"=M"+'^M"-^j;+^-^f=^«"-'t;=+ &c. (7) 

(2-/— I}" (sin j,)" = w-'— %"-'«+ !^/"~^^ v'^'v'—&<3. (8) 

If n be odd, there will be an even number of terms n + 1 in 
the expansions, and grouping together the terms which ara 
equally distant from the extremes, we have for formula (7), 

2,» (cos ^>)''=(H''+D")+f M V (i('^=-fi)"-')+^xi~ "' "' f"'"'+ 
»(»-!) («-2)-(»+3) „,^' ^ , ^s 
1,2,3,4 n ^ ^ ^' 



But Do Moivre's formula gives 

w'' + D'' = (cos $ + v^ — 1 ein 4))" + (cos ^ — v' — i gin *)" = 
+eo3 n^+'/ — 1 sin n^+co.^ np—'^ — 1 sin nf=2eos n$ 
Besides, the powers of mw are equal to 1, for wo have 
«!J=(eos^+v'' — 1 sin f) (cos* — ■^ — lsin4i)=C0s'$ + 8in'^=l, 
We see, consequently, that the expression for 2" (cos p)" will 
be simplified by these reductions; and dividing all the terms 
by 2, it becomes 
2"-'(c6s f)''=cos«.^+~eos(m— 2)4.+^^^^^^ cos {n — 4)$ 

n(n,— 1) (» — 2V--(n + 2) ,.. 
-^ — , L\ ' ^— — cos 4>- (9) 
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If n be even, tne mimber of tevms in the development will be 
odd, and there will be only one middle term ; and if we divida 
the middle term into two others, each equal to half of tho 
middle term, we shall find, by similar reductions to the pre- 
ceding, 
2"*"' (cos ^)"=coa n ^-f ycos (n — -2) ^-\ t~2~ *^*^^ ^^ — *^ * 

^(^ •^'j,';-'';::^!:" ). ' w 

If now we consider formula (8), the terms being alternately 
+ and — , if n bo odd, the coefficients of the terms equally 
distant from the extremes wii! be equal, hut M'ih have con- 
trary signs. We shall have, therefore, by the same process, 
used in formula (7), 

(2 v/— l)-(sin ^y = u--v--~'{uv{vr-' — v'-') + "'^i"^^' 

u V [u —V ) It j^2^^ ^ u V {w—V). 

To make the necessary reductions, we remark that uv=l, 
and in general m" — u" = 2 \^ — 1 sin n^. The two members 
will then bo diTlsiblo by 2 v'' — 1, and we shall have 

(2 V^n)-=(sin?-)" = BinCu$)--^ sin(M~r)4.+'^^f^ 

sin(.-^).---.±!Li^^-gF :!>---;-+^) si.. (ii) 

If » is an oven number, the terms equally distant from the 
extremes in formula (8) have equal coefBcienta with the same 
sign, and by analogous reasoning to that used for formula 
(7) we find 



Formulje (9), (10), (11), (12) are the required formulje; and 
they enable us to convert the powers of a cosine or of a sine 
into a series of terms, each of which contains the sine or eosina 
of a multiple arc, of the first degree only. 
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It will be observed that in ilio last two formula, the imagi- 
nary factor '^ — 1 being raised to an even power, must pro- 
duce a real resdt equal to + 1, or — 1, accoixling as the index 
of the power is even or odd. Also, for the convenience of the 
caleaiation, we must stop. at and exclude the first negative 
are; and we must take ouly half of tho last term when it 
involves the arc zero. 

Development of the Sise and Cosine into Series. 

303. We ehall uow show how JHukr deduces from formulro 
^.5) and (6), Art. 201, tho series which give the values of the 
Bine and cosiae in fuuctions of the arc. "We may, without 
departing from the hypothesis of n being a whole number, 
assume j, so that n f> shall be equal to any given arc a. Let, 

therefore, n *=o, we shall have m=— .and with this value 
the formulis become 

C03a-(cos$) p- (cos?) {^-^} + ^^ 2, 3, 4 

(COS ^)"-'(^lIU'y_&e.,&c. (1) 

a /sin 4\ tt fa— *) (a— 2^) , . , /siu *V» 

.in .=.;(c.s„r<:^)- ' i%% " (c.s ,Y" {-^) 

^. (.-rt (—3 ») (--3 >K— « »)(,„, ,.)-CJ^')'- fa. (2) 

Kow suppose that $ diminishes to zero, the number it must 
increase to infinity; then, these formulro will contain no 
traces of ^ and of u, and will contain » only. For, when ^=0, 

coa4 = l, and =1; and for this value of $, wc may also 

admit that the powers of cos $ and of — ~ are equal to 1, 

bOwcver great the indices of the powers. Consequently, the 
above formulre become 

cos . = I-i^ + i72f3;^~i_2,3%,5,6+*"- P) 
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As tlio number n has become infinite, tlicse series do not ter- 
minate ; but they are no less convenient to give approxinaato 
values of the sine and cosine when a is a str.all fraction, which 
ia the case in practice, althoiigh the formulie, being con- 
vergent, may be applied for any value of a.. 

202. By dividing scries (4) by series (3), wc obtain the 
expansion of tang a, the first four terms of which are 

tag. = .+f + g+JI^.+Ac. (5) 

In like manner, by dividing 1 by each of the series (3), 
(4), and (5), we may obtain the expansions for seco, coseco, 
cotang a. 

Resolution op Binomial Equations, &e. 

203. J)e Moivre's formula affords a ready means of re- 
solving binomiiil equations of the form (/"^iA. Let a 
represent one of the n roots of A, and make y = ax. The 
binomial equation becomes a;"= ± 1. 

Consider, in the first place, the ease 

^-= + 1, (1) 

Placing X — cos $ + V — 1 sin ^, the formula of De Moivre 

gives 

x''= cosMrf -j- v^ — 1 sinn^. 

Consequently, all the values of f arc made known by the 
equation 

cos n^+ V* — 1 sin » If = -j- 1 
and will give values of x corresponding to equation (1). 

That the last equation may be satisfied, it is necessary 
that the imaginary factor V— lsin«fl> disappear, Thi'' 
requires that nf should be a multiple of the semi-circumfer- 
enee. It is also necessary that we have cosjif = 1, whie^ 
requires that np should be an even multiple of ttie semi-cir- 
eumferenee. Hence, designating the semi-cireumferenee by 
«, and by 2 k any even number whatever, wo shall have- 
ns = 2 Art, from which we get ^ = . Consequently 

2/frt , , — - . 2^rt 
X=aC0S --f \' — leiu , 
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The reaaoiimg ivill be the sumo for ■— v'' — 1. Thus, we 
shall find all the values of a; in the eq[iiation a.'"= 1, by taking 
all the values of x comprised in the equation 

X = cos ± V — 1 em (a) 

Equation (1) has n values for 3:, and we know thai, all 
these values are unequal. But in formula (o) wo may give 
to k every possible entire value, positive and negative ; and 
we will now prove that in this way we may obtain n differ- 
ent values of 3;, from equation (»), and no more; and these 
values will therefore be the values of x in equation (1). 

In the first place, it is useless to give to k negative values : 
for, if we put — /( for + k, the two values of formula (a) 
reduce to the same form exactly. 

In the second place, it is unnecessary to take A — n or > h, 
for wo may take from /; the greatest multiple of n, which it 

2ft« 
contains ; this is equivalent to taking from the arc one 

or more circumferences, which changes neither the cosine 
nor the sine. 

Finally, if we take numbers k and n — k' between and n, 
equally distant from the extremes, the corresponding values 
of X will be the same. For, let A = » — U, we shall have 

^ = COS — i ~-i-± V—l sin ^ ■ ■ ■' - 



= cos — ±-*/ — I sin-^- 

and these values are the same as those which correspond to 
f; ss k^. It is therefore uaoleas to give to k values gi-eater 
than Jn; and hence, whether wo suppose n equal to an even 
number 2j3, or to an odd number 2j) + 1, we shall he limited 
in giving values to k, to the values k = 0, 1 , 2, 3 p. 

It remains now that we show that formula (a) gives all 
the values of x belonging to equation (1). 

If the equation is of the form x''^= 1, formula (a) becomes 
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a: = eo3 '■' dn^— Isiii^ 

For the extreme numbers A = 0, and /i:=^, wefind3:="+i, 
and x~ — 1. For the intermediate numbers 1, 2, 3, — - 
P — 1, tlie arc is comprised between mid 180°; then the 
eine wbich is a multiplier of v' — 1 does not become zero : 
hence, these values of 3; are imaginaiy. Further, among these 
imiigitiiiry values, none are repeated; foi", in the two roots 
■which form part of the same couple, that is, which result 
fix)m the same value of k, the imaginary factor \/ — 1 has 
contrary signs; and in the couples which result from differ- 
ent values of A, the real parts are different, whereas they 
are the cosines of area wbich increase eontinwously from to 
ISO". Tliore are therefore 2p — 2 diiferent imaginaiyyaluea, 
and two real values; in all, 2^ values for the equation a;*=l, 
as there should be. 

If the equation (1) has the form a;'*' + '=l, foi-mula (») 
becomes 

2Sr- _^ .—- . 2k« 
X = cos 5—--, ± V — 1 sin . — — 

In this form, there will be only one real value for a^ 
a; = + Ij which corresponds to A = 0, the other values are 
imaginary, and further, the total number of values is equal 
to the exponent 2p -f 1. 

Let E9 now consider the equation 

s?=—\. (2) 

If we make a; = oos^±v^ — 1 sin 41, we shall have 3?"= 
cos TUf ± -J — 1 sin 71 ^. 

Thus, the values of x will be made known, by determining 
the values of ^ from the equation 

cos m ^ ± -J — 1 sin n $ = — 1. 

But this condition requires that we shall have separately 
sin wf = and-cosw^=: — 1. 

Hence, the arc n ^ must be an odd multiple of n. There- 
fore, making 

«$ = (3A+1)«, we deduce t = ^H+ili 
ftnd we shall have 
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We need not take negative multiple values of n, for there 
would result the same values of x as when these multiple 
values are positive, Nor will be necessary to take /c> « or 
even equal to n : for, in taking from A the multiple of n which 

it contains, we diminish the arc ^^- — one or more entire 

circumferences, whicb does not change the values of X in 
equation (3). The number ft= w — 1 gives 

(;2,( — l)rt -_- . (2n_l)« 

X ^= C09 i — _— i_ ± V — 1 Bill i— '— 

= coa ± v' — 1 sin ■ == cos — ± v' — 1 sin — . 

These values are the same as those obtained by the h3fpothe- 
Bis ft = 0; and, in general, the values of h ec[imlly distant 
from and n — 1 give the same values of x. Thus, if we 
make ft = n — 1 — K, we have 

(2n_2/('_l)« , ,— ^ . (2m — 2A'_1)« 
X = cos i- — — — '— ± V — 1 Bin -1^— — - — ^ - 

C2» + l)« ,-T- . (2/('+l)rt 
x = co&- T ... J .. zp ■y — Ismi^- — '—J— 

a result which corresponds with that which wo have when 
we make lt = U. Hence, it follows, that we, shall obtain all 
the values of x by giving to k values which do not exceed 
^(tt — 1), If n is an even number, 2p, we make A = 0, 1, 2, S, 
— p — 1; and if «is an odd number, 2 j)+ l,we make A = 0, 
1,2,3---;). 

In the case in which n = 2p, the equation to be resolved 
ia x^"= — 1, and the numbers ft = 0, 1, 2, 3, — p — 1 give in 
the formula (3) tho increasing arcs 

_«_ 3« 5« (2p-l)« 

2p' 2p' 2p' 2p ' 

which are all included between and 180°. Consequently 

the series of no one of them is equal to 0, and their cosjnes 

are all unequal. Each arc thus gives two imaginary values 
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ibr a; whieli diffor from each other bj' 'he sv^" n*' t^" factor 
v* — 1, jiiid which therefore ciiniiot be repeatetl. Heme a; 
will have 2p different values as it should have. 
, When ft = 2p + l, the equation is a:^'' + '^: — 1, and the 

values of /(!= 0, 1, 2 y, give from formula (|3) the following 

jirca 

^ 3« (2p+ l)« ^^. ^ 

2^ + 1' 2;i + r 2j) + i 

The last arc being equal to «, gives a: = — 1. For each 
of the other arcs, x has two imaginary valnes, and it is easy 
to see, that, among all these values, none arc repeated. 
Hence .i; has 2p + 1 different values. 

204. When we know the values of x from the equations 
3;"= + 1, and af = — 1, it is easy to form the real divisors of 
the second degree of the binomials a:" — 1, and a^+ 1. 

In the first place, formula (o) gives for the factors of the 
first degree of the binomial x" — 1, the two expressions 

2/<H , — .' . 2 An 
X — cos— V — 1 sin^ 



and, multiplying them together, i\'e have 

x^ — 2 X cos \- 1 (a') 

This formula contains all the real divieora of the 2d degree 
of the binomial a:" — 1. To deduce these divisors, it is only 
necessary to substitute for k the positive numbers from 
to in. 

In like manner, we find for the divisors of the 2d degree 
of the binomial a^+ 1, the formula 

in which, by giving to /( all entire positive values from to 

\{n 1), we shall find the divisors of the 2d degree. 

Since the formula! (o) and (8) comprise the real values of a: 
from the equations a^=l, and a:"= — 1, it follows that the 
two last formulse, (o') and (3'), must also include the real 
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factova of t!ie 1st degree of the binomials a.'" — I, and a:"+ 1. 
Bat it is to be observed that in these formulic, tbey are pre- 
sented under the form of being raisud to the 2d power. 
Thus, if A=0, in formula {»'), it becomes x^—2k+l, or (r— 1)'. 
The factor roijuirGd is therefore x — 1. 



Irreducible Case of Cubic Equatiodb. 

205. Se Moivre's formula furnishes a very direct and sim- 
ple process of converting the ineduoible case of cubic equa- 
tiona to a flnite real form. 

The solution of a cubic equation by the method of Cardan 
is as follows. Assuming a cubic equation, which has been 
deprived of its second term by known rule, we have 

3* + 5px-i'2q=0. (1) 

Place a,' equal to the sum of two other unknown quantities j. 
that is, put 

x = a + b. 
We shall then have 

3;= = a' + 6^ + 3ab (a + 6); 
that is, replacing a + b by x, and ti'ansposing, 

a? — Sabx — a' — 6*=0; 
and, in order that this maybe identical vrith the proposed 
equation, we must determine a and b so as to satisfy these 
conditions, viz.: 

ab = — p, ffl' 4- &' = — 2 (f. 

The problem is thus reduced to the determination of a and b 
from these two equations. From the first we have 

hence, combining this with the second, we have the sum of 
two quantities, a' -f-i'', and their product a" b' given, to deter- 
mine these quantities; a problem which may bo readily solved 
by the quadratic equation 

v' + qv~f^=0, (2) 

by making v =^ b", in which the two values of v will be the 
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esprGBSions for a? and 6'. Hence, Bolving the equation, and 
separating these two values, wo have 

a'^—i'V^ q'+f (3) 

lf = ~q~'^q'-^f (4) 

and, since x = a-^b, there resiilts the following general 
expression for the values of a; in the proposed equation, vjz., 

which is Cardan's formula. 

Since the cube root of a' may be represented indifferently 
by either of the three expressions 

— 1+ N^— 3 — l — v'^F 

a, ^ a, 2— <"' 

and the cubo root of 6' by either of the expressiona 

^' 2— ^' 2"^^ ^' 

it would appear that the proposed equation admits of nine 
values. It mnat be remembered, however, that in all eases 
where we assign the root of any expression, no reference ia 
made to the mode in which the given power was formed, 
the root being in fact the expression from which the given 
power has been actually produced. When we speab'of a pro- 
posed power having a multiplicity of roots, we merelj' refer 
to the various expressions, from either of which that power 
mjjAi be produced; acdaemany of these as prove ineonsistent 
with the conditions involved in the production of the power, 
are of course to be rejected. How, one of the conditions in 
virtue of which a* and b" have been produced, is 

but of the nine products which the preceding expressions for 
a and b furnish, six are imaginaryj such a combination of 
values must therefore be rejected, as inconsistent with the 
conditions to be fulfilled; the other three products are pos- 
sible. Hence, the only admissible solutions are the three fol- 
lowing, where the product of a and h fulfils the above con- 
dition. 
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_ a + h. 



If tho values of v in equation (2), as exhibited in (3) and 
(4), are real, tho forrmila for x will oonsiBt of the cube roots 
of two real quantities ; but, if imaginary, then the expression 
for ic will bo tho cube roots of two imaginary quantities; and, 
consequently, aueh value must itself be Imaginary ; that 19, 
if the relation between p and q be such tbat 

the expression for x will consist of two parts, each of which 
is imaginary. 

But the sum of these parts, that is, the complete expres- 
sions for X, must be real; because the preceding relation 
between p and q is that which necessitates the reality of all 
the values of the equation. The calculation, therefore, must 
furnish the means of effecting a reduction of the imaginary 
symbols. This difficulty, which has taxed the ingenuity of 
analysts, has been called the irreducible case of cubic equations, 
and is usually solved by developing each part separately, and 
then by combining the two, representing the aggregate by 
an infinite series, from which the imaginary symbol has dis- 
appeared. 

De Moivre's formula furnishes a ready means of effecting 
the required reduction. For this purpose tho two cubic 
radicals must he first reduced to the form 



^ cos ^1 + v' — 1 sin $. 

Since we have the condition cf'^p'<v,p must bo negative. 
Placing — J) for p in the given equation, it becomes 

x'>~Zpx + 2q = v. (1) 

Then wo shall have f — ^ < v, or (j^ <f, and tho values 
of a must be given hy the formula 
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and fcboae of x by tho formula 



in which wo must substitute the different values of a. 
The general value of a may then bo placed under the form 



And since wo assume q' <.p', we may determine an arc f by 
meana of the oqnation 



008^ = 



^/»l 



There exists an infinite number of area corresponding to 
a given cosine; hut we will limit ourselves here to that 
which is <i80''. 

By Be Moivre's formula we have 

(coe i t + "^ — 1 sin J t)' = cos?+ */ — I sin *■ (2) 
Hence, rociprocally, we must have 



SJ coa f> + ^ — 1 sin f = cos i ^ + v^ — 1 sin 4 *■ 
and consequently, 

a 3/' — ' —--— 

--t==k/ coa * + v^ — 1 sin ji = coa i (I + ^ — i ainij. 

s^_ 1 

a cosi^ + v' — 1 ainjfl. cosJ$ — v' — Isin}^ 

Vp a 

We ohsarvo that the second member of formula (2) does 
not undergo any change when we add to f any number of 
circumferences. Hence, designating 180° by «, and by k any 
whole number, the values of x would embrace all the values 
comprised in the formula 

x=2'yp cosj (^.+ 2?t«) 
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However, there will appear but three distinct values for 
x; for, after making A= 0, 1, and 2, all the other substitu- 
tions reduce to the same i-esults, and the only values for x 
will be the following : 

x=s2-^p cos J 41 
x=%y/f cos J (,?-+- 4 jt). 
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Promiscuous Examples. 

Plane Tngonometry. 

X. Hai'ing measured a diBtaneo 200 feet in a direct hori- 
zontal line from the bottom of a tower, the angle of eleva- 
tion of its top, taken at that distance, was fonnd to bo 47° 
SCf; what is the height of the tower? Ans. 218.2e feet. 

2. What is the perpendicular height of a balloon, when its 
angles of elevation as taken by two observers, at the same 
tim.e, both on the same side of it, and in the same vertical 
plane, woro 35° and 64°, tbeir distance apart being 880 
yards? Ans. 935.757 yards. 

S. Wanting to know the distance between two inaccessible 
objecta from the top of a tower, 120 feet high, which lay in 
the same right line with the two objects, the angles formed 
by the vertical line of the tower with lines conceived to be 
drawn to the bottom of each of tho objects, arc found to be 
33° and 64" SO', what is the distance between the objects 1 
Ans. 173.656 feet. 

4. From tho edge of a ditch 36 feet wide, surronnding a 
fort, the angle of elevation of tho top of the wall ia measured 
and found equal to 62° 40', what is the height of the wall, 
and what ia the length of a ladder from tlie point on the 
ditch to the top of tho wall? 

Ans. Height of wall, 69.64 feet. 
Length of ladder, 78-4 feet. 

5. A ladder, 40 feet long, can be so planted, that it shall 
reach a window 33 feet from tho ground, on one side of tho 
street; and by turning it over, without moving the foot, it 
will do tho same by a window 21 feet high, on the other side; 
what is the breadth of tho street? Ans. 56.649 feot. 

(128) 
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6. From tbe top of a tower, hy tho eea-side, 143 feet liiRb, 
tho angle of dept-easion of a ship's bottom was obsei'ved to 
be 35", what waa the ship's distance from the bottom of tho 
tower? Am. 204,22 feet. 

7. What is the perpendicular height of a hiil ; its angle of 
elevation, taken at the bottom of it, being 46°, and 200 yarda 
farther off, on a level with the bottom of it, the angle of 
elevation was 31°? Ans. 286.28 yards. 

8. Wanting to know the height of an inaccessible tower; 
at the least distance from it, on the same horizontal plane, 
its angle of elevation is found to be 58°; then going 300 feet 
directly from it, the angle of elevation is found to be 32", 
.Required its height, and the distance from it to the 1st 
■station. ^»s. Height, 307.53. 

Distance, 192.15. 

9. Being on a horizontal plane, and wanting to know the 
height of a tower on the top of an inaccessible hill; the 
angle of elevation of tbe top of tho hill is found to be 40", 
^nd of the top of the tower 51°; and then measuring in a 
line directly from it to the distance of 200 feet farther, the 
angle to the top of the tower is tbiind to be 33" 45'; what is 
the height of the tower? Ans. 93.33148 feet. 

10. From a window near the bottom of a house, on a level 
with the bottom of a steeple, the angle of elevation of the 
top of the steeple is found to be 40° ; then from another win- 
dow 18 feet directly above the former, the like angle was 37° 
SO'; what is the height of the steeple, and what its distance? 

Ans. Height, 210.44 feet. 
Distance, 250.79 " 

11. Two ship3-of-war, intending to cannonade a fort, are, 
by tho shallowness of the water, kept so far from it, they 
suspect that their guns cannot have effect. In order to 
measure the distance, they separate from each other 440 
yards; then each ship measures tbe angles the other ship 
and tho fort subtend, which angles are S3° 45' and 85" 15'. 
What was the distance between each ship, and what the dis- 
tance to the fort ? Ans. 2292.26 yards. 

2298.05 " 

12. Wanting to know tho breadth of a river, a base line of 
500 yarda is measured close by one side of it; and at each 
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end of this line the angles subtended by the other end and a 
tree dose by the bank on the other side of the river are fonnd 
to be 58° and 79° 12'. What is the perpendicular breadth 
of the river? Arts. 529.48. 

13. A point of land was observed by a ship nt sea, to bear 
east-by-south; and after sailing north-eaet 12 miles, it waa 
found to bear southeast-by-east. It is required to determine 
the place of that headland and the ship's distance from it at 
the last observation. Ans. 26.0728 miles. 

14. Wanting to know the distance between a house and a 
mill, which was seen at a distance on the other side of a 
river, a base line of 600 yards is measured, and at each end 
of it, the angles subtended by the other end and the house 
and mill are observed, and are as follows, at one end, 58° 
20'; and at the other end, 53= 30' and 98° 45*. What was the 
distance between the house and the mil!? 

Ans. 959.5866 yards. 

15. Wanting to know the distance from the observer to an 
inaccessible object 0, on the other side of a river; and having 
no instruments for taking angles, and only a chain for meas- 
uring distances ; two stations, A and B, are taken, 500 yards 
apart, and from each station in a direct line to the object O, 
distances of 100 yards are measured, viz., A C :^ 100 yards, 
and B D = 100 yards; and the diagonal B D is also measured 
550 yards, and the diagonal E C, 560 yards. What is the dis- 
tance of the object O from the stations A and B? 

Ans. A = 536.25 yards. 
BO = 500,09 " 

16. From a convenient station P, where could be seen 
three objects, A, E, and C, whose distances from each are 
known to be A B = 800 yards, A C = 600 yards, B C = 400 
yards, the horizontal angles A PC ==33° 45', and BPC = 
22° 30', arc measured. Required to determine the distances 
P A, P B, PC. ^ns. P A = 710.193 yards. 

P C = 1042.522 " 
PB= 934.291 « 
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Spherical Trigonometry. 



1. In the right-angled triangle ABC, the hypollieniifie 
A B = 05° 5', tiie angle A = 48° 12'; find the slices A C, C B, 
and the angle B. Ans. A C = 55° 7' 22". 

BC = 42° 82' 19". 
B = 64° 46' 14". 

2. In the oblique-angled triangle ABC, given A B = 76° 
20', B C = 119" 17', and B = 52° 5', find A C, and angles 
B and C, Ans. A C = 66° 5' 36". 

A= 131° 10' 42". 
C = 56° 58' 68". 

3. In an oblique-angled triangle, tbe three sides are, a=s 
81° 17', h = 114° 3', c = 59° 12' ; required the angles A, B, C. 

Ans. A = 63° 39' 42". 
B = 124° 60' 50". 
C = 50° 31' 42". 

4. In the right-angled triangle A B C, ti = 115° 25', c = 
60° 59'; required the remaining parts. 

^ns. B = 148° 56' 45". 
= 75° 30' 33". 
6=152° 13' 50". 

5. In the right-angled triangle AB, e = 116° 30' 43", and 
6^29° 4L' 32"; required the other parts. 

Ans. C = 103° 52' 46". 
E = 83° 30' 23". 
a= 113° 48' 58". 

6. In the oblique-angled triangle ABC, b= 91° 03' 25", 
as=40° 36' 37"; required the other parts. 

Am. B = 115° W 41". 
C= 58" 30' 57". 
c = 70° 58' 62". 

7. In the oWiqne-angled triangle ABC, A = 103° 59' 57", 
B = 4I3° 18' 07", and a = 42° 68' 48"; find the remaining 
parts. Ans. b = 30° 

C = 86° or' 54". 
c = 24° 03' 56". 

8. In the oblique-angled triangle ABC, a = 40° 18' 29", 
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* = fi7' 14' 28", and 0=89" 4T' 06"; find the remaining 
parte. Arts. A = 34" 22' 16". 

B= 53" 35' 16". 

C = 119° 13' 32". 

9. Jn the oblique-anglod triangle A E 0, A = 109= 55' 42", 
B = 116° 38' 33", = 120" 43' 37"; find the remaining parts. 

Ans. a = 98° 21' 40. 
h = 109" 50' 22. 
c = 115" 13' 26. 

10. In tho oblique-angled triangle ABC, 6 = 83° 19' 42", 
c = 23" 27' 46", A = 20'' 39' 48" ; find the other parts. 

Ans. E = 156' 30' 16". 
C = 9= 11' 48". 
a= G1°S2' 12". 

11. In tho oblique-angled triangle AEC, A = 34° 15' 03", 
B = 42° 15' 13", c~7Q°3b' 36"; find the other parta. 

Ans. a = 40" 00' 10". 
6= 50° 10' 30". 
C = 1210 36' 19". 
12.* Knowing the longitude of the sun ES = 67'' 19' 20", 

* TIio following definitionB will aid the general etudent in the solution 
of this and the following eiamples : — 

1. A plane through contra of the sun, and parallel to the earth's equa- 
tor, cuta from the CBlestial sphere a, great circle, called the equinoctial. 

2. The earth revolTeB about the sun in a plane which cuts the celestial 
epbere in a great circle, called the eclipfic, 

S. The planer of the equinoctial and ecliptic intersect each other in a 
light line tlirough the sun. The points in which the line pierces tho 
celestial sphere are called the eguinoxes. One is the vernal equinox, the 
other is Ihe autumnal equinox. 

4. A great eirele through the poles of the equinoctial is called a decli- 

5. The deelination of a star is its angular distance from the equinoctial 
measured upon the declination cirole through the star. 

6. The right aacension of a star is the angular distance from the vernal 
equinox to the intersection of the declination circle through the star with 
the equinoctial. It is meaBured on the equinoctial, eastward to SfiO". 

7. A great circle through the poles of the ecliptic ia called a ch-de of 
latitude, 

8. The laiittide of a star is its angular distanoe from the ecliptic, meas- 
ured on the circle of latitude passing through the star. 

9. The longitude of a star is the angular distance from the vernal equinox 
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nnd the obliquity of the ecliptic SES'= 23=28' 30"; find the 
tight ascension of the sun ES' and his declination, SS'. 

Ans. E. A. = 65C 30' 28".7. 
Deol.= 21°33'52".9. 

13. Knowing the right ascension of the sun ES' = 65° 30' 
28".7, and tiie obliquity of the cdiptio SES' = 23° 28' 30"; 
find the longitude of the snn, B S, and his declination, S S'. 

Ans. Long. = 6T'' 19' 20". 
Ded. = 21" 33' 52". 

14. Knowing the declination of tho sun, S 8'= 21° 23' 52"; 
find his longitude E S and right ascension E S', the oblicLuity 
■of ecliptic as before. Ans. Long. = 67° 19' 30". 

R. A. = 65= 30' 28".7. 

15. Knowing the right asceiiBion of a star E A = 225° 20', 
and declination Ab = 89° 9' 15"; find the distanea sE to one 
of the points in which tho ecliptic cuts the equator, and the 
angle s B A, which tho arc of a great circle paeeing through 
the star and the equinox makes with tho equator. 

Ans. Distance, = 90° 35' 40".5. 
Angle, =. 90° 36' 6".7. 

16. Knowing ES' the longitude of tho star Sirius to be 
101° 21' 13", and SS' its latitude =39° 32' 1".8, and EM' the 
longitude of the moon = 100'' 33' 17", and MM' her latitude 
s= 6° 13' 19".8 i find their distance M S. Ans. 34° 19' 04''.6. 
Pis the pole of the equinoctial. 
P* is the pole of the ecliptic. 
"E is vernal equinox. 
E Q is the equinoctial. 
E C is tho ecliptic. 
S place of tho sun. 
8 place of star. 
B S' right ascension of s. 
E S" longitude of s eastward. 
eS' declination of s. 

to (lie internection of the circle of latitude through the star with tho 

ecliptio. It ia measured on the ecliptic, sometimes enstn'mdly and 

WKStwiirdly, each 180"; more commonly it ia nie.isured westwardly to 360°. 

10. The planes of the equinoctial and of tlie ecliptic make an angle of 




23" 31 
11. The \ 



is always in the ecliptic. 



He hus no latitude. 
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A A decliiialion of s. 
EA right ascension of s. 
Ls latitude of s. 
E L longitude of S. 

E vernal equinox. 
M moon's place. 
8 place of star, 
E Q ecliptic. 
P pole of ecliptic. 
EM' longitude of moon. 
M M' latitude of raoon. 
BS longitHde of star. 
S S latitude of star. 



Tables of Trioonometeical Formulae. 

The foliowing Tables contain the most important fornivi(iE 
need in Trigonometrical calculations. Those which hava 
not been formally demonstrated may be readily verified, and 
■will supply, in thie way, a valuable exercise for the student. 
The formulce marked with an asterisk should be carefully 
committed to memory. 





Table I. 


1. 


ein'n + coe'a = 


2. 


= tang d 

COS a " 


3. 


STa ='"*'' 


4. 


tang a cot « = 


5. 


sea a COB a = 


6. 


coeeca sin a = 


7. 


1 + tanged . 


8. 


1-f cotang'o : 


9. 


ver-sin a = 


10. 


co-ver-ein a = 
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Table 11. 




*BinO 


= 


Bin (180° + a) 


= — sin« 


* cos 


= 1 


cos(180=+«) 


= — eosiz 


*tangO 


= 


tang (180° + a) 


= tangtt 


*cotangO 


= co 


cotang(180° + 


i=cotanga 


«BOC0 


= 1 


sec (180° + a) 


= — sec a 


*cosocO 


= 00 


eosoc (180° + a 


— — cosec a 


*sm(90o — a) 


= coaa 


Bin (270--a) 


= — C0Bi2 


*C0B(m°~a) 


= sina 


cos (270°— a) 


= — sina 


*taiig(90''-<^) 


= C0ta 


taQg(270° — a) 


= cot a 


*cot(90°— a) 


= tang a 


cot (270° — 0.) 


= tang a 


*8ec(S0''~a) 


= coaeea 


see (270° — a) 


= — cosec a 


*co8oc(90= — a) 


= eeca 


cosec (270°— a 


= — seca 


*8in90o- 


= 1 


Bin 270° 


= — 1 


* cos 90= 


= 


cos 270° 


= 


* tang 00° 


= co 


tang 270' 


= — oc 


* cotang 90° 


= 


cotang270° 


= 


* sec 90" 


= 03 


sec 270° 


= 00 


* coBee 90° 


= 1 


cosec 270° 


= —1 


* Bin {90= + a) 


= C08O 


sin (270° + a) 


= — coaa 


*coa(90= + <i) 


= _8ina 


cos (270" + a) 


= sina 


*tang(90= + a) 


= — eot a 


tang (270" + (() 


= —cota 


*cot(90o + a) 


= — tanga 


cot (270° + a) 


= — tana 


see (90° + a) 


=— eoaeca 


sec (270° + a) 


= coaec a 


cosec (90° + a) 


= sec a 


cosec (270" + a) 


= _ sec a 


*emC180°_a) 


= Bin a 


sin (360- a) 


= — sina 


*coa(180" — a) 


= — cosa 


cos (360°— fl) 


= cos a 


*tang(180° — a 


= _tanga 


tan (360° — a) 


= — tano; 


*cotang(180°— (i)=— cota 


cot (360"— a) 


= — cota 


Eec{180° — a) 


= — seca 


sec (360° — «) 


= Bee a 


cos (180°— a) 


=; ebsoca 


cosec (360° — a) 


= — cosec a 


* sin 180° 


= 


Bin 360° 


= 


* coa 180° 


= — 1 


cos 360" 


= 1 


* tang 180° 


= 


tan360o 


= 


*cotaDgl80° 


= — «> 


cot 360° 


= 03 


* sec 130° 


= — 1 


sec 360° 


= 1 


*CO8CCl80° 


= 


cosec 360° 


= «) 
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Table III. 


sia 


a±b) 


= eina 


cos 6 ± sin & cos a 


cos 


a^b) 


= cosa 


COB 6 qz sin a C09& 


tan^ 


ia±b) 


tan 


±tan& 


It 


tiin a tan 6 



a — 1 = 1 — 2sia*a, 






V 1 + cos a s 



Ung -^ 

6111(7 =28111 J a COS }« 

= Ssinrt — iBm'a 
cos 3 ct =4 eo8= a — 3 cob a 
sin (n-t- l)a=i 2 sin n « cos a — ain (n — 1) « 
coe(n4-l)o= 2 coa n a cos a — cos (» — !)« 
Eitirt+sin&=2 sin J (n + 6) cos i (it — 6) 
Bina — ain 6= 2 ain i(a — 6) cos J(a + i) 
cosff-t- cos6= 2 cos J {« + 6) eog ^(a — b) 
eosfl — cosft = — 2ein i(a + b) sin J (fl — 6) 
nii-f sin j)_ tan j (a -|- b) 



-sint ~ tEin i (a — 6) 

gin (ft + 6) -[. sin (d _ 6) = 2 sin a eos 6 
n (a + 6) — sin (a — b) = 2 sin 6 eos a 
cos(a + i) +^cos(a — 6) = 2 cos a cost 
cos{ffl + b) — co9(« — &) = — 2 sin a sin J 
Bin(«+ h) eos(_a-\-b) = ain'« — sin'S = coe'6-— cos"^ 
cos((i; + 6) eos (a — b) =co9'rt — sin'& = cos^ a + cos '6— 

*sm45=' =C08 45°=:^— r 

^^2 
* tan 45° = cot 45° = 1 



>v Google 



TABLES OF TRIQONOMETKIOAI. FOEMUL^. 137 



*aiii 30° 


= COs CO° = J 


*c;08 30" 


= ein 60° = }-v/3 


*tan 30° 


= cot60»=.-± 


*cot30'' 


= tang 60° ^3 



Tlio following forninlfe, although of less frequent octur- 
rcneo, lUiiy be found iiaeful, and can be readily dedaeed from 
the above, 

sjn (45°±a) = {cosia°=pa) = -r^. 

tan (45°zba) = 



' 1 rp tan a 



tan'(45°±Ja) = 
tan(45°dz Ja) = 






tan a + tan 6 rot b + cot a 



sin (fl + ft) 

Bin (,f[ — 6> 

COS (a + b) 

cos (a — ~Sj cot b + tan a"" cot a + tan a 

in a + mnb 



tia — tan& cot 6 — i 
cot 6 — tan a cot a — tan 6 



ma + cos b 
a a + ain h 



— eos 6 



COB a + cos 6 



cos a + con b 
cos a — coH £ 

tan a + tan b ^= 
cot a + cot b ^= 



tan J (a 4- J) 

— cot I (a~b) 
tan a (a — b) 

— cot J((]! + b)eoti(a — t) 
«ii (a + b) 

cos a ooa b 
'-■n(a+b) 
Bin a sin 6 
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138 TRIGONOMETRY, 

tan a — tan b = 
cot a ■ — cot b = 
tan'a — tan' 5=: 
cot'a — cot' b =: 

It will also bo a useful exercise to verify the following 
values of sin a, cos a, tan a. 

Table or the most Usefui. Values or sin a, cos a, tang a. 



ein (a~~b) 
coH a cos b 

sin (a — 6) 

Bin a Bin It 
sin (a 4- b) sin (a — b) 

oos^ a cos" b 
Bm(a + b)^\<x(a-b) 



Vahe, of ,m a. 


r«(u« o/ ™. a. 


Valm, nf (an a. 


1. oot a tan a 

3- Vi-«o^« 


J sin « 

2. ein « cot a 

4 ^ 


1. ~ 


x/ 1 + cot' n 


s/l + fang'o 
7. l-2sm.ia 




9. 23miacosia 


, v/l-ct>5'a 


, s/l--ooe2„ 


2tnnia 


2 
2t.ni<. 




'■i + tan-la . 


'■oot'i"-! 


.. sIn(M''+<.)-m[30''-n) 


10. cota — 2cot2« 


11. 2sm'(«° + i«)-I 

12. I_2sm'(45''-i<.) 
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PREFACE. 



The accompanying tables were designed to afTord the means o( per 
forming trigonometrical computations with facility and prenision. The 
tables chiefly used in this country for purposes of education extend to 
six decimal places, like those in the present collection; but the pre- 
cision which they are designed to furnish is only attained by a serious 
espendituVe of labor. In the Table of Logarithms of Numbers they do 
not furnish the correction for a fifth iigure in the natural number, and 
the labor of computing this correction is such that I always prefer the 
use of Hutf on's Tables, extending to seven places, even in computations 
to which six-place logarithms are abundantly competent. In the pres 
ent collection, the correction for a fifth figure of the natural number is 
introduced at the bottom of each page, and the table is thus rendered 
nearly as useful as one of the common kind extending to 100,000. The 
whole has been carefully compared with standard authors, and nearly 
a dozen errors have thus been detecled in the common tables. 

The principal table in this collection is that of Logarithmic Sines and 
Tangents. The common tables in this country extend only to minutes, 
with diflerences to 100". If, in a trigonometrical computation, angles 
are only required to the nearest minute, tables to five places are quite 
sufficient ; but if the computation is to be carried to seconds, these can 
only be obtained from the common tables by a great expenditure ot 
time and labor. In the present collection, the sines and tangents are fur- 
nished to every ten seconds of the quadrant, and at the bottom of each 
page is given the correction for any number of seconds less than ten, so 
(hat the precision of seconds can be obtained wilh almost the same fa- 
cility as that of minutes with the tables in common use. Moreover, 
near the limits of the quadrant, by means of an auxiliary table, sines and 
tangents are readily obtained, even for a fraction of a second. The 
method of arrangement of the sines and tangents was suggested by a 
table in Mackay's Longitude ; but the errors of that table, amounting to 
several thousand, have been corrected by a careful comparison with the 
work of Ursinus, By comparison with the same standard, more than 
two hundred errors (chiefly in the final figui.es) have been detected in 
the tables in common use. 

The Table of Natural Sines and Tangents is of less use than the loga 
rithmic ; nevertheless, it ia often important for reference, particularly in 
analytical geometry and the calculus ; and it is useful as a stepping- 
Blone to assist the beginner in comprehending the nature of logarithmic 
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sines ar.d tangents. The Traverse Table commoniy usea in 'iiis couiiirj 
furnishes the latitude and departure to every quarter degree of the quad 
rant, for distances from 1 to 100, and occupies ninety pages. The accom 
panyiiig table occupies but six pages, and yields ten times greater p^e 
:;ision. 

The Table of Meridional Parts extends to tenths of a mile, and grea 
care has been taken to insure its accuracy. For this purpose, I have 
compared all the similar tables within my reach, and among them have 
found two which appeared to have been computed independently. Be 
tween them there were detected 674 discrepancies in the final figures. 
These cases were all recomputed, and 78 errors were detected in the 
jest copy compared. It is probable that the numbers in this table are 
not in every instance true to the nearest tenth of a mile ; but it is bp 
lieved that the remaining errors are few in number, as well as minute 
This table is confidently pronounced more accurate than any similar 
one with which I have been able to compare it. 

The Table of Corrections to Middle Latitude was computed entirely 
anew. The corresponding table in common use, which was originally 
computed by Workman, contains more than four hundred errors, sev- 
eral of them amounting to two minutes. 

On the whole, it is believed that the accompanying tables will be 
found more convenient to the computer than any tables of six decimal 
places hitherto published in this country ; and that they will be pro- 
nounced sufficiently extensive for all purposes of academic and collegi. 
8te irstniction, as well aa for prsctical mechanics and aurveyors. 
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EXPLAIATION OF THE TABLES, 



Table oy Logakitiims of Numbers, pp. 1-20. 

Logarithms are mimbers contrived to diminish the labor of MuUipIiua- 
tion and Division by substituting in their stead Addition and Subtrac 
tion. All numbers are regarded as powers of some one number, which 
is called the base of the system ; and the exponent of that power of the 
base which is equal to a given number, is called the logarithm of that 
number, 

The base of the common system of logarithms (called, from their in- 
ventor, Briggs' logarithms) is the number 10. Henco all numbers are 
•o be regarded as powers of 10. Thus, since 

10°= 1, is the logarithm of 1 m Briggs' system ; 

lO'^lO, 1 " " 10 " " 

10"=100, 2 " " 100 " '■ 

I0'=1000, 3 " " 1000 " " 

IO'=IO,000, 4 " " 10,000 

&c., &c., &c. ; 

whence it appears that, in Briggs' system, the logarithm of every mim 
ber between 1 and 10 is some number between and 1, i. e., is a prop- 
er fraction. The logarithm of every number between 10 and 100 is 
some number between 1 and 2, i. e., is 1 plus a fraction. The loga- 
rithm of eveiy number between 100 and 1000 is some number between 
2 and 3,i e , is 2 plus a fraction, and so on. 

The preceding pimciples may be extended to fractions by means o 
legative exponents Thus, since 



10"' =^0.1, 


—1 1. 


_ ._ie 


logarithm 


of 0.1 


in 


Briggs' 


' system 


:0-'=0.01, 


—2 


" 


" 


0.01 






" 


0^^= 0.001, 


—3 


« 


" 


0.001 




" 


" 


!ft"^^0.0001, 


—4 


" 


" 


O.OOOl 






" 


&c.. 






&c., 






&c. 





Hence it appears that the logarithm of every number between 1 anil 
0.1 is some number between and —1, or may be represented by — 1 
plus a fraction; the logarithm of every number between 0.1 and .01 is 
some number between — 1 and — 2, or may be represented by — 2 plus 
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VI bXPLANATION OF THE IabIjES. 

a fraction ; the logarithm of every number between .01 and .001 ia somo 
tiiimber between — 2 and — 3, or is equal to — 3 plus a fraction, and so on. 
The logarithms of most numbers, therefore, consist of an integer and 
H fraction. The integral part is called Ihe characteristic, and may bo 
known from the following 

Rule. 

Tlie characteristic of the logarithm of a number greater than unity, la 
onti less than the number of integral figures in the given number. 

Thus the logarithm of 297 is 2 plus a fraction ; that is, the charactei- 
istie of the logarithm of 397 is S, ■which is one less than the number oi 
integral figures. The characteristic of the logarithm of 5673,89 is 3 ; 
that of 73254.1 is 4, &c. 

The characteristic of the logarithm of a decimal fraction is a negative 
number, and is equal to the number of places by which its first significant 
^gure is removed from the place of units. 

Thus the logarithm of .0046 is —3 plus a fraction ; that is, the char- 
acteristic of the logarithm is — 3, the first significant figure 4 being 
removed three places from units. 

The accompanj'ing table contains the logarithms of all numbers from 

to 10,000 carried to 6 decimal places. 

To find the Logarithm of any Number between 1 and 100. 
Look on the first page of the table, along the column of numbers under 
N, for the given number, and against it, in the next column, will be found 
the logarithm, with its characteristic. Thus, 

opposite 13 is 1.113943, which is the logarithm of 13; 
" 65 is 1.812913, " " 65. 

To find ihi Logarithm of any Number consisting of three Figures. 
Look on one of the pages from 2 to 20, along the left-hand column 
marked N, for the given number, and against it, in the column headed 0, 
will be found the decimal part of its logarithm. To this the charactei 
Hf'c inust be prefixed, according to the rule already given. Thus 
the logaritlim of 347 will be found, from page 8, to be 2.540329 ; 
" " 871 " " " 18, « 2.940018. 

As the first two figures of the decimal are the same for several sue 
;essive numbers in the table, they are not repeated for each logarithm 
itpivately, but are left lo be supplied. Thus the decimal part of thu 
ogarithm of 339 is ,530200. The first two figures of the decimal remain 
-he same up to -347; they are therefore omitted in the table, and are to 
oe supplied. 

To find the Logarithm of any Number consisting of four Figures, 
Find the three left-hand figures in the co'umn marked N as before 
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Explanation op the Tables, vii 

Lua tiie fourth figure at the head of one of the other columns. Opposite 
to tjie first three figures, and in the column under the fourth figure, will 
he found four figures of the logaritiim. to which two figures from the 
column headed are to he prefixed, as in the former case. The char- 
acteristic must be supplied by the usual rule. Thus 
the logarithm of 34S6 is 3.538574 ; 
" " 87C5 is 3.942752. 

In seveidi of the columns headed 1, 2, 3, &c., small dots are round in 
the place of figures. This is to show that the two figures which are to 
be prefixed from the first column have changed, and they are to be 
taken from the horizontal line directly below. The place of the dots is 
to be supplied with ciphers. Thus 

the logarithm of 2045 is 3.310693 ; 

" " 9777 is 3.990206. 

The two 'eading figures from the column must also be taken from 

the horizontal line below, if any dots have been passed over on the same 

norizontal line. Thus 

the logarithm of 1628 is 3.211654. 

To find the Logarithm of any Number containing more than four 
Figures. 
By inspecting the table, we shall find that within certain limits the log- 
urithms are nearly proportional to their corresponding numbers. Thus 
the logarithm of 7250 is 3.860338 ; 
" " 7251 is 3.860398; 

" 7252 is 3.860458 ; 
" 7253 is 3.860518. 
Here the difference between the successive logarithms, called the 
tabular difference, is constantly 60, corresponding to a difference of unity 
in the natural numbers. If, then, we suppose the logarithms to be pro- 
portional to their corresponding numbers (as they are nearly), a differ- 
ence of 0,1 in the numbers should correspond to a difference of 6 iK 
logarithms ; a difference of 0.2 in the numbers should correspond to 
difference of 12 in the logarithms, &c. Hence 

the logarithm of 7250.1 must be 3.860344 ; 
" 7250.2 " 3.860350; 
" " 7250.3 " 3.S60356; 

&c., &c. 

in order to facilitate the computation, the tabular difference is insert- 
ed on page 16 in the column headed D, and the proportional part for the 
fifth figure of the natural number is given at the bottom of the page. 
Thus, when the tabular difference is 60, the correcfions for .1, .2, ,S, 
&c., are seen to be 6, 12, 18, &r. 

If the given number was 72501, the characteristic of its iogarith" 
'wuld be 4, but the decimal oart would be the me as for 'li^t i 
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EXFLA 



Tables. 



If it were required to find the correction for a sixth figure in the nal 
viral number, it is readily obtained from the Proportional Parts in tha 
fable. Thus, if the correction for .5 is 30. the correction for .05 is ol 
viously 3. 

As the differences change rapidly in ine first part of the table, il 
was found inconvenient to give the proportional parts for each tabular 
difference ; accordingly, for the first seven pages they are only given 
for the even differences, but the proportional parts for the odd differences 
will be readily found by inspection. 
Required the logarithm of 452789. 

The logarithm of 452700 is 5.655810 
The tabular difference is 96. 

Accordingly, the correction for the fifth figure, 8, is 77, and for the 
sixth figure, 9, is 8.6, or 9 nearly. Adding these corrections to the num- 
ber before found, we obtain 5.655896. 

The preceding logarithms do not pretend to be perfectly exact, bu 
only the nearest numbers having but six decimal places. Accordingly 
when the fraction which is omitted exceeds half a unit in the sixth dec' 
mal place, the last figure must be increased by unity. 
Uequlred the logarithm of 8765432. 

The logarithm of 8765000 is 6.942752 

Correction for the fifth figure 4, 20 

" " sixth figure 3, 1.5 

" " seventh figure 2, 0.1 

Therefore the logarithm of 8765432 is 6.942774. 

Required the logarithm of 234507. 

The logarithm of 234500 is 5,370143 

Correction for the fiflh figure 6, 111 

" " sixth figure 7, 13 

Therefore the logarithm of 234567 is 5.370267. 



To find the Logarithm of a Decimal Fraction. 

The decimal part of the logarithm of any number is the same as tha 

of the number multiplied or divided by 10, 100, 1000, &c. Hence, foi 

a. decimal fraction, we find the logarithm as if the figures were intesrers 

and prefix the characteristic according to the usual rule. 



Examples. 

The logarithm of 345.6 
" » 87.65 

2.345 
.1234 
« 005678 



is 2.538574; 
is 1.942752; 
is 0.370143 ; 
is 1.091315; 
is 3,754195. 
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The minus sign is placed over the eharacferistic to show that this 
alone is negative, while the decimal part of the logarithm is positive. 

To find the Logarithm of a Vulgar Fraction. 
We may reduce the vulgar fraction to a decimal, and find its logs 
ntlim by the preceding rule ; or, since the value of a fraction is equal tt 
the quotient of the numerator divided by the denominator, we may sub- 
tract the logarithm of the denominator from that of the numerator ; thd 
difference will be the logarithm of the quotient. 
Required the logarithm oi -i\, or 0.1875, 

From the logarithm of 3, 0.477121, 

Subtract the logarithm of 16, 1.204120. 
Leaves logarithm of /^, or .1875, 1.373001. 

In the same manner we find 

the logarithm of /^ is 2.801697 ; 
" m is T.147401. 

To find the natural Number corresponding to any Logarithm. 

Look in the table in the column headed for the first two figures of 
the logarithm, neglecting the characteristic ; the other four figures are 
to be looked for in the same column, or in one of the nine following col- 
umns ; and if they are exactly found, the first three figures of the corre- 
sponding number will be found opposite to them in the column headed 
N, and the fourth figure will be found at the fop of the page. This num 
ber must be made to correspond with the characteristic of the given 
logarithm by pointing off decimals or annexing ciphers. Thus 

the natural number belonging to the logarithm 4.370143 is 33450 ; 
1.538574 is 34.56. 

If the decimal part of the logarithm can not be exactly found in the 
table, look for the nearest less logarithm, and take out the four figures 
of the corresponding natural number as before ; the additional figures 
may be obtained by means of the Proportional Parts at the bottom of 
the page. 

Required the number belonging to the logaiithm 4,368309. 

On page 6, we iind the next less logarithm .368287. 

The four corresponding figures of the natural number are 2335. 
Their logarithm is less than the one proposed by 112. The tabular 
difference is 186 ; and, by referring to the bottom of page 6, we find 
that, with a difference of 186, the figure corresponding to the Propor- 
tional Part 112 is 6. Hence the five figures of the natural number are 
23356 i and, since the characteristic of the proposed logarithm is 4, thp.se 
"ve figures are all integral. 

Required the number belonging to logarithm 5.345678. 

The next less logarithm in the table is .345570 

Their difference 's 108. 
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X Explanation op the Tables. 

The first four figures of the natural number are S21B. 
With the tabular diiference 196, the fifth figure corresponding to 108 
;s seen to be 5, with a remainder of 10, which furnishes a sixth figure S 
nearly Hence the required number is 231655. 
In the same manner ws find 

♦Jie number corresponding to logarithm 3.538673 is 3456.78 ; 
1.994605 is 98.7654; 
T.647817 is .444444. 

Table of Natural Sines awd Tangents, pp. IlS-18f{. 

This is a table of natural sines and tangents for every degree ana 
'ninute of the quadrant, carried to six places of figures. Since the ra- 
dius of the circle is supposed to be unity, the sine of every arc below 
90° is less than unity. These sines are expressed in decimal parts of the 
radius ; and, although the decimal point is not written in the table, it 
must always be prefixed. The degrees are arranged in order at the fop 
of the page, and the minutes in the left hand vertical column. Directly 
under the given number of degrees at the top of the page, and opposite 
to the minutes on the left, will he found the sine required. The two 
leading figures are repeated at intervals often minutes. Thus 
the sine of 6= 27' is .113336; 
" " 2S° 53' is .483028. 

The same number in the fable is both the sine of an arc and the co- 
sine of its complement. The degrees for the cosines must be sought at 
the bottom of the page, and the minutes on the right. Thus 
the cosine of 62" 35' is .463038 ; 
" « 84° 23' is .097872. 

If a sine is reqiiired for an arc consisting of degrees, minutes, and set, 
onds, it may be found by means of the line at the bottom of each page, 
which gives the proportional part corresponding to one second of arc 

Req'iired the sine of 8° 9' 10". 

The sine of S'' 9' is .141765. 

By referring to the bottom of page 116, in the column under S°, we 
find the correction for I" is 4.80 ; hence the correction for 10" must be 
48, which, added to the number above found, gives for the sine of S'' 
0' 10", .141813. 

In the same manner we find 

the cosine of 56° 34' 28" is .550853. 

It will be observed, that since the cosines decrease while the arcs in 
oi'ease, the correction for the 28" is to be subtracted from the cosinf 
of 56° 34', 

The arrangement of the table of natural tangents is similar to that of 
the table of sines. The tangents for arcs less than 45° are all less than 
-adluH, and consist wholly of decimals. For arcs above 45°, the tan- 
gents are all greater than radius and contain both integral and decimal 
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Explanation of the Tables. xi 

hguren. The proportional parts at the bottom of each page enable us 
readily to find the correction for seconds. Thus 

the natural tangent of 32° S9' 18" ia .636784 ; 
« " 74^ 35' 55" is 3.63014. 

To find the Number of Degrees, Minutes, and Seconds belonging to o 
given Sine or Tangent. 

If the given sine or tangent is found esactiy in the table, the corn;- 
sponding degrees will be found at the top of the page, and the minutes 
on the left hand. But when the given number is not found exactly in 
the table, look for the sine or tangent which is next less than the pro- 
posed one, and take out the corresponding degrees and minutes. Find, 
ajso, the difference between this tabular number and the number pro- 
posed, and divide it by the proportional part for 1" found at the bottom 
of the page ; the quotient will he the required number of seconds. 

Required the arc whose sine is .750000. 

The next less sine in the table is .749919, the arc corresponding to 
which is 48° 35'. The difference between this sine and that proposed 
is 81, which, divided by 3.21, gives 25. Hence the required arc is 48° 
35' 25". 

In the same manner we find 

the arc whose tangent is 2.000000, to be 03° 26' 6". 

Table op Natural Secants, pp. 134-5. 
This is a table of natural secants for every ten minutes of the quad- 
rant carried to seven places of figures. The degrees are arranged in 
order in the first vertical column on the lefl, and the mimites at the top 
of the page. Thus 

the secant of 21° 20' is 1.073561 ; 

" " 81° 50' is 7.039622. 

If a secant is required for a number of minutes not given in the table, 

the correction for the oiid minutes may be found by means of the last 

vertical column on the right, which shows the proportional part for ona 

minute. 

Let it be required to find the secant of 30° 33'. 

The secant of 30° 30' is 1.160592. 
The correction for 1' is 198.9, which, multiplied by 3, gives 597 
Adding this to the number before found, we obtain 1.161189. 

For a cosecant, the degrees must be sought in the right-hand vertica.1 
(column, and the minutes at the bottom of the page. Thus 
the cosecant of 47° 40' is 1.352742. 

Table op Logarithmic Sines and Tangents, pp. 21-115. 

This is a table of the logarithms of the sines and tangents for every 

Ion seconds of the quadrant, carried to six places of decimals. The de- 
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grees and seconds are placed at the top of the page, and the minutes ,n 
the left vertical column. After the first two degrees, the three leading 
figures in the table of sines are only given in the column headed 0", and 
are to be prefixed to the numbers in the other columns, as in the table 
of logarithms of numbers. Also, where the leading figures change, thi.i 
change is indicated by dots, as in the former table. The correction fo> 
any number of seconds less than ]0 is given at the bottom of the page. 

To find the Logarithmic Sine or Tangent of a given Arc. 
Look for the degrees at the top of the page, the minutes on the lelt 
hand, and the next less tenth second at the top ; then, under the seconds, 
and opposite to the minutes, will be found four figures, to which the_ 
three leading figures are to be prefixed from the column headed 0" ; to 
this add the proportional part for the odd seconds from the bottom of 
the page. 
Required the logarithmic si.ie of 24" 27' 34". 

The logarithmic sine of 24° 27' 30" is 9.017033. 
Proportional part for 4" is 18. 

Logarithmic sine of 24" 2T 34'' is 9.017051. 
This is the logarithm of .414049 found in the table of natural sines on 
page 120. The natural sine being less than unity, the characteristic 
of its logarithm is negative. Tc obviate this inconvenience, the char- 
acterisfics in the table nave all been increased by 10; or the logarith- 
mic sines may be regarded as the logarithms of natural sines computed 
for a radius of 10,000,000,000. 
Required the logarithmic tangent of 73= 35' 43". 

The logarithmic tangent of 13° 35' 40" is 10.531031. 

Proportional part for 3" is 23. 

Logarithmic tangent of 73" 35' 43" 10.531054. 

When a cosine is required, the degrees and seconds must be sought 

at the bottom of the page, and the minutes on the right, and the correc 

tion for the odd seconds must be subtracted from the number in the tabli* 

Required the logarithmic cosine of 59" 33' 47". 

The logarithmic cosine of 59° 33' 40" is 9.704682. 
Proportional part for 7" is 25- 

Logarilhmic cosine of 59° 33' 47" is 9.704G57. 
So, also, the logarithmic cotangent of 37° 27' 14"iB found to be 10.115744. 
The proportional parts given at the bottom of each page correspond 
to the degrees at the top oJ the page increased by 30', and are not 
strictly applicable to any other number of minutes ; nevertheless, the 
differences of the sines change so slowly, except near the commence- 
ment of the quadrant, that the error resulting from using these numbers 
for every part of the page will sa dom exceed a unit in the sixth deci- 
mal place. For the first two degrees, the differences change so rapidlj 
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Bxi'LANATioN or THE T A B L E s. xiii 

iLdt Llie pi-jportional part for 1" is given for each minute in the right- 
hand column of the page. The correction for any number of seconds 
less than ten will be found by multiplying the proportional part for " 
by the given number of seconds. 

Required the logarithmic sine of 1" 17' 33". 

The logarithmic sine of I'' IT 30" is 8.352991 
The correction for 3" is found by multiplying 93.4 by 3, which givas 
280. Adding this to the above tabular number, we obtain 
the sine of 1° 17' 33", 8.353271. 

A similar method may be employed for several of the first degrees 
of the quadrant, if the proportional parts at the bottom of the page are 
not thought sufficiently precise. This correction may, however, be ob- 
tained pretty nearly by inspection from comparing the proportional 
parts for two successive degrees. Thus, on page 26, the correction for 
1", corresponding to the sine of 2° 30', is 48 ; the correction for 1", cor- 
responding to the sine of 3° 30', is 34. Hence the correction for l"j 
corresponding to the sine of 3° 0', must be about 41 ; and in the same 
manner we may proceed for any other part of the table. 

Near the close of the quadrant, the tangents vary so rapidly, that the 
same arrangement of the table is adopted as for the commencement of 
the quadrant. For the last as well as the first two degrees of the quad- 
rant, the proportional part to 1" is given for each minute separately. 
These proportional parts are computed for the minutes placed opposite 
to them, increased by 30' , and are not strictly applicable to any other 
number of seconds ; nevertheless, the differences for the most part 
change so slowly, that the error resulting from using these numbers for 
every part of the same horizontai line is quite small. When great ac- 
curacy is required, the table on page 114 may be employed for area 
near the limits of the quadrant. This table furnishes the differences be- 
tween the logarithmic sines and the logarithms of the arcs expressed in 
seconds. Thus 

the logarithmic sine of 0° 5' is 7.162696 ; 
the logarithm of 300" (=5') is 2.477121 ; 
the difference is 4.685575. 

This is the number found on page 114, under the heading log. sin.', 
A— log. A", opposite 5 min. ; and in a similar manner the other numbers 
in the same column are obtained. These numbers vary quite slowly 
for two degrees ; and hence, to find the logarithmic sine of an arc less 
than two degrees, we have but to add the logarithm of the arc expressed 
in seconds to the appropriate number found in this table. 

Required the logarithmic sine of 0° 7' 22". 

Tabular number from page 114, 4.685575. 
The logarithm of 442" is 2.645422. 

Logarithmic sine of 0° 7' 22" is 7.330flJ>7 
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The logarithmic tangent of aa arc less than two degrees is found tn 
a sinailar manner. 
Required the logarithmic tangent of 0'' 27' 36". 

Tabular number from page 1 14, 4.685584. 
The logarithm of 1636" is 3.219000. 

Logarithmic tangent of 0° 27' 30" is 7.904644. 
The column headed log. cot. A-{-log. A" is found by adding the log- 
arithmic cotangent to the logarithm of the arc expressed in seconds. 
Hence, to find the logarithmic cotangent of an arc less than two degrees, 
we must subtract from the tabular number the logarithm of the aic. in 
seconds. 

Required the logarithmic cotangent of 0° 27' 36". 

Tabular number from page 114, 15.314416, 

The logarithm of 1656" is 3.219060. 

Logarithmic cotangent of 0° 27' 36" is 12.095356. 

The same method will, of course, furnish cosines and cotangents ol 

flics near 90°. 

The secants and cosecants are omitted in this table, since they are 
easily derived from the cosines and sines. 

The logarithmic secant is found hy subtracting the logarithmic cosniE 
from 20 ; and the logarithmic cosecant is found hy subtracting the loga- 
rithmic sine from 20. 

Thus we have found the logarithmic sine of 24° 37' 34" to be 9.617051. 
Hence the logarithmic cosecant of 24° 27' 34" is 10.382949. 

The logarithmic cosine of 54° 12' 40" is. 9.767008. 

Hence the logarithmic secant of 54° 12' 40" is 10.232992. 

To find the Arc corresponding to a given Logarithmic Sine or Tangent 

If the given number is found exactly in the table the corresponding 
degrees and seconds will be found at the lop of the page, and the min- 
utes on the left. But when the given number is not found exactly in 
the table, look for the sine or tangent which is next less than the pro- 
posed one, and take out the corresponding degrees, minutes, and sec- 
onds. Find, also, the difference between this tabular number and the 
number proposed, and, corresponding to this difference, at the bottom of 
the page will be found a certain number of seconds, which is to be added 
.c the arc before found. 

Required the arc corresponding to the logarithmic sine 9.750000. 

The next less sine in the table is 9.749987. 

The arc corresponding to which is 34° 13' 0", 

The difference between its sine and the one proposed Is 13, corre- 
sponding to which, at the bottom of the page, we find 4" nearly. Hei>ci3 
thf required arc Is 34° 13' a.". 
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EXFLANATION OP THE T A B L E S. XV 

111 the same manner we find tne arc corresponding to logaritlirnu; laii 
gent 10.350000, to be 60° 38' 57". 

When the arc falls within the first two degrees of the quadrant, the 
odd seconds may be found by dividing the difference between the tab- 
ular number and the one proposed, by the proportional part for 1". We 
Ihus find the arc corresponding to logarithmic sine 8.400000, to he 1° 
36' 22" nearly. 

We may employ the same method for the last two degrees of the 
qtiadrant when a tangent is given ; but near the limits of the quadrant 
it is better to employ the auxiliary table on page 1 14. If we subtract 
the corresponding tabular number on page 1 14 from the given logarith 
mic sine, the remainder will be the logarithm of the arc expressed in 
seconds. 

Required the arc corresponding to logarithmic sine 7.000000. 

We see, from page 22, that the arc must be nearly 3' ; the correspond 
ing tabular number on page 1 14 is 4.685575. 

The difference is 2.314425 ; 
which is the logarithm of 206."265. 

Hence the required arc is 3' 26. "265. 

In the same manner we find the arc corresponding to logarithmic 
tangent 8.184608, to be 0° 52' 35". 

Table foh the Lengths of Circci.ak Arcs, p. 135. 
This table contains the lengths of every single degree up to 00, and 
at intervals of ten degrees up to 180 ; also for every minute and second 
up to 20. The lengths are all expressed in decimal parts of radius. 
Required the length of an arc of 57° 17' 44. "8. 

Take out from their respective columns the lengths answering to each 
of these numbers singly, and add them all together thus: 

57° 0.9948377 

17' 0049451 

40" 0001933 

4" 0000194 

0."8 0000039 

The sum h 1.0000000. 
That is, the length of an arc of 57° 17' 44. "8 is equal to the radius ot 
the circle. 

Traverse Table, pp. 13G-141. 
This table shows the difference of latitude and the departure to four 
decimal places for distances from 1 to 10, and for bearings from 0° to 
90°, at intervals of 15'. If the bearing is less than 45°, the angle will 
ne found on the lefl margin of one of the pages of the table, and the dis 
tance at the top or bottim of the page ; the difference of latitude wil 
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XVI JbiXPLAKATION OF THE TaBLUS 

be found in the column headed lat. at the top of the page, and the a&- 
parture in tlie column headed dep. If the bearing is more than 45°, tne 
angle will be found on the right margin, and the difference of otitude 
will be found in the column marked lat. at the bottom of the page, and 
the departure in the other column. The latitudes and departures for 
diflerent distances with the same bearing, are proportional to the dis- 
tances. Therefore the distances may be reckoned as tens, hundreds, or 
thousands, if the place of the decimal point in each departure and differ- 
ence of latitude be changed accordingly. 

Required the latitude and departure for the distance 3S.25, and the 
bearing 10° 30'. 

On page 1.36, opposite to 10° 30', we find the following latitudes and 
departures, proper attention being paid to the position of the decimal 
yoints, 

Dntance. Diff. Lat. Dep. 

30 29.498 5.467 

3 1.966 .364 

.2 .197 .036 



Table of Meridionai, Parts, pp. 142-148. 
This table gives the length of the enlarged meridian on Mercators 
Chart to every minute of latitude expressed in geographical miles and 
tenths of a mile. The degrees of latitude are arranged in order at the 
top of the page, and the minutes en both the right and left margins. 
Under the degrees and opposite to the minutes are piaced the merid- 
ional parts corresponding to any latitude less than 80°. Thus 
the meridional parts for latitude 12° 23' are 748.9 ; 
" " " 67° 42' are 4260.5. 

Table op Corrections to Middle Latitude, p. 149. 
This table is used in Navigation for correcting the middle latitude 
The given middle latitude is to be found either in the first or last verti- 
cal column, opposite to which, and under the given difference of latitude, 
IS inserted the proper correction in minutes, to be added to the middle 
latitude to obtain the latitude in which the meridian distance is accu 
ralely equal to the departure. Thus, if the middle latitude is 41°, and 
the difference of latitude 14°, the correction will be found to be 25', 
which, added to the middle latitude, gives the corrected middle latitude 
41° 25'. 
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LOGARITHMS 
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_ 


N. 


Lob. 


N. 


Log. 
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82 
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83 


1.9.9078 


9 
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84 


1.934279 
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II 




041393 
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113943 
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68.24. 


73 
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98 
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7 
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389. 


433 
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5609 


6o38 


6466 
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9026 
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8620 
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981. 
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.602 


.998 
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6885 
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8o53 
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9993 
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.766 
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2694 
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8o46 
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3333 
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4o83 
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4458 
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5953 
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78.5 
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4o85 


4451 
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"9 
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5912 
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.987 
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43 
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43 


86 
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43 


86 
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43 


86 
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385 
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298 
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4a 


85 
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42 


84 
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42 


84 
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336 
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43 


84 
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43 
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376 
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42 


83 
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333 


374 
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4i 


83 
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248 


290 


33. 


373 
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4t 


82 


124 
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288 


33o 


37. 
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4i 


82 
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4o8 


4i 
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4i 
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4o 
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40 
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a 
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40 


80 
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40 
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.98 
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a 


39 
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3.5 
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78 
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73 
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39 


78 
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194 
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349 
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77 
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77 
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346 
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38 


76 
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38 


76 
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.5a 
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38 


76 


ii3 


.5. 
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38 


75 


n3 
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37 


75 
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3 
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37 
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37 
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333 
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37 
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258 
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37 
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36 


73 
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36 


72 
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